


























On Globally Optimal Local Modeling:
From Moving Least Squares To
Over-Parametrization

Shachar Shem-Tov, Guy Rosman,
Gilad Adiv, Ron Kimmel and Alfred M. Bruckstein ∗

Abstract - This paper discusses a variational methodology, which involves locally
modeling of data from noisy samples, combined with global model parameter regu-
larization. We show that this methodology encompasses many previously proposed
algorithms, from the celebrated moving least squares methods to the globally opti-
mal over-parametrization methods recently published for smoothing and optic flow
estimation. However, the unified look at the range of problems and methods previ-
ously considered also suggests a wealth of novel global functionals and local mod-
eling possibilities. Specifically, we show that a new non-local variational functional
provided by this methodology greatly improves robustness and accuracy in local
model recovery compared to previous methods. The proposed methodology may
be viewed as a basis for a general framework for addressing a variety of common
problem domains in signal and image processing and analysis, such as denoising,
adaptive smoothing, reconstruction and segmentation.
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Figure 1: Solid line - ys a piecewise linear signal with one discontinuity. Dashed line - a smooth version of ys with
which we initialized the model parameters
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Figure 2: From left to right, snapshots at various times, of the MOP functional with relative weight of Es α = 0.05. The
top image displays the reconstructed signal and the vAT indicator function. The bottom image displays the reconstructed
parameters.
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Figure 3: From left to right, snapshots at various times, of the MOP functional with relative weight of Es α = 10. The
top image displays the reconstructed signal and the vAT indicator function. The bottom image displays the reconstructed
parameters.
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Figure 4: From left to right, snapshots at various times, of the NLOP functional. The top image displays the recon-
structed signal and the vAT indicator function. The bottom image displays the reconstructed parameters.
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Figure 5: The piecewise Linear test signals and their STD 0.05 noisy counterparts.
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(b) Trig

Figure 6: The nonlinear test signals and their STD 0.05 noisy counterparts. Left: a polynomials signal of degree 2.
Right: a signal of combined sine and cosine functions.
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Figure 7: Example of parameters reconstruction. Note that the indicator function tends to 1 where the signal has
parameters discontinuities and tends to 0 in almost any other location.
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(a) One jump signal
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(b) One jump parameters

Figure 8: Signal noise removal and parameters reconstruction comparison for the ”One jump” signal.
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(a) One discontinuity signal
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(b) One discontinuity parameters

Figure 9: Signal noise removal and parameters reconstruction comparison for the ”One discontinuity” signal.
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(a) Many jumps & discontinuities signal
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(b) Many jumps & discontinuities parameters

Figure 10: Signal noise removal and parameters reconstruction comparison for the ”Many jumps & discontinuities”
signal.



0 50 100

−0.1

0

0.1

0 50 100

−0.1

0

0.1

0 50 100

−0.1

0

0.1

0 50 100

−0.1

0

0.1

Figure 11: Comparison of noise removal on one discontinuity signal with noise std = 0.0375. Depicted are the residual
noise images. Top left: TV. Top right: OP. Bottom left: K-SVD. Bottom right: NLOP.
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Figure 12: Comparison of noise removal, on the ”many jumps & discontinuities” signal with noise std = 0.05. Depicted
are the residual noise images. Top left: TV. Top right: OP. Bottom left: K-SVD. Bottom right: NLOP.
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(a) NLOP vs OP

0 20 40 60 80 100
−1.5

−1

−0.5

0

0.5

1

1.5

 

 
true parameters
NLOP
K−SVD

(b) NLOP vs K-SVD

Figure 13: This figure compares the reconstructed second parameters on the various algorithms, when denoising the
”One discontinuity” signal. Left image: Comparison of parameter reconstruction between NLOP functional and OP
functional on one discontinuity signal. Note how far the OP reconstruction is from a piecewise solution, while gener-
ating an excellent denoising result (seen in the relevant graph). Right image: Comparison of parameter reconstruction
between NLOP functional and K-SVD algorithm on one discontinuity signal. Note the apparent lack of global con-
straint on the parameters in the K-SVD reconstruction.

0.000 0.020 0.040 0.060 0.080

0.00

0.10

0.20

0.30

0.40

0.50

0.60

non-local op

op

ksvd

tv

Noise level

e
r
r
o

r
 n

o
r
m

(a) polynomial signal
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(b) trig signal

Figure 14: Signal noise removal comparison of the nonlinear signals.
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Figure 15: Comparison of noise removal performance on the polynomial signal. In this figure we compare performance
of the NLOP functional with linear basis functions (marked by non-local OP), and NLOP functional with polynomial
basis functions (marked by non-local OP poly).
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Figure 16: C1 continuous 2nd degree polynomial. Point of the second derivative discontinuity is marked by a red cross.
From left to right: clean signal, 0.01 STD noise, 0.0375 STD noise.
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Figure 17: C1 continuous 2nd degree polynomial reconstruction. Displayed are the reconstructed signals and the vAT
indicator functions. (point of the second derivative discontinuity is marked by a red cross). From left to right clean
signal, 0.01 STD noise, 0.0375 STD noise.
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Figure 18: C1 continuous 2nd degree polynomial reconstruction. Displayed are the reconstructed parameters (point
of the second derivative discontinuity is marked vertical black line). From left to right clean signal, 0.01 STD noise,
0.0375 STD noise.
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(a) Signal
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(b) Parameters

Figure 19: Signal noise removal and parameters reconstruction comparison for the C1 continuous 2nd degree polyno-
mial.
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(a) Original image
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(b) Noisy image
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(c) Denoised image
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(d) Residual noise

Figure 20: A 2D noise removal example of the 2D NLOP functional.
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(a) Parameter 1
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(b) Parameter 2
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(c) Parameter 3
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(d) vAT

Figure 21: Example of the first two reconstructed parameters from the noisy image.




