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Fig. 1. Original image of the authors (a) and digitized mages (b) M =
256, N=256,b= 1, (@ M=17T0.N=85b=4,(d) M= 128, V=04,
b=7. The images require (b) 65 536, (c) 57 800, and (d) 57 344 bits.
The resulting normalized values of the criterion are (b) 6.56, (c) 1,
and {d) 1.59. The image (¢) is closest to the optimal.



Optimal Digitization of 2-I Images
L. NIELSEN, K. J. ASTROM, ano E. I JURY

Abstract~The problem of representing an image by M X N samples
with b bits/sample, subject to the constraint of a fixed total number of
bits, is discussed. Reasonable assumptions are made in such a way that
the optimization problem has a cloged form solution. The solution is
tested experimentally and agrees well with human perception of visual
quality, The analytical solution brings out the dependence of the op-
timal digitization on image characteristics very clearly, The resulis
explain and agree with results of other subjective tests.

[. INTRODUCTION

Vigorous research has been devoted to image processing and
related fields during the last two decades. Several books have
been written on various aspects of the theory and applications
[1]=[3]. The problem of optimal digitization of 2-D images

has been sporadically mentioned in several texts, but it has not
been addressed in full detail [2]-[4]. Experimental investiga-
tions of the effect of coarse scan/fine print for bilevel images
was initiated by Abdou and Wong [5]. No theory was given in
this work, Steiglitz [6] has presented a detailed theory of
transmission of an anlog signal over a fixed bit-rate channel in
the I-D case. This work has motivated the extension to the
2-D case in this paper, which pives a definition of optimal digi-
tization (quantization and sampling) of images for the first
time, The definition seems to be meaningful in practical appli-
cations. It differs from Steiglitz work in the respect that our
problem formulation admits an analytical solution,

II. PROBLEM FORMULATION

Let the original i mmze f(x, ¥) be a function defined on §l =
[0, L] X [0, L],] C R? with values in V= [min f, mgx f] €
R*. The image is sampled to give a s&mpled image f(x;, y,)
defined onan M X N rectangu]axgnd G with valuesin VC R",
Ideal sampling is assumed, i.e.,/ (x;,»;) = f[":l.' yi) and xg, y; €
G. In addition to sampling, the values of [ (x;, y;) are also
quantized so that ¥ C R" is represented by b bits in 20 quantlza-
tion levels. The quantization of ;‘" is denoted by Qf which is
the digitized image defined on an M X N grid with discrete
values, We want to reconstruct the new fumtmnf defined on
£ with values in ¥, From the function Qf the fumtmn,l’ can,
?;Io??lmd using many different interpolation schemes [1],

The optimal digitization problem can be formulated as fol-
Iq:::al;s_L Assume that the image is represented by a fixed number
of bits.

M-N-b=C. (1)

Determine M, N, b such that the following error is minimum.

(2)

E-fj [f{x.yl—f(x.y)]’dxdy/ffdxdy_
n I i

A number of restrictions are introduced to make the problem
tractable analytically, The function f is characterized by its
value range R = max [~ min f, and the mean fluctuation rates
0y and 0, defined by

0 = ()" and o) =(fy)*. (3)
The quantization error n is defined asn = Qf f. Zero-order

hold interpolation isused. This meansthat J' (x,y)= Qj" (xp. ¥7)
for x, y around xy, yj.

I, SoLuTiON

The criterion (2) is expanded by dividing the image in M X N
cells with sides 8, = L, /M and 8§, = L,/N. The cell midpoint
Xj, ¥; belongs to the grid &. The contributions from all cells
are tiu:n summed up. Insertion of the digitization and the in-
terpolation schemes in the criterion (2) gives the mean square
error

=

LyLy i

+ff n(xp, ;) dxdy
n

where [J denotes integration over one cell. Steiglitz calls the
first term in (4} the reconstruction error. This error depends
only on the grid resolutions 8, and 8,. A Taylor series of f
gives the following expression for the reconstruction error in
one cell,

b If [ = xp,¥ — ) - flxp i) ® dxdy
]

(4)

— (838,07 48,85 07). (5)

The second term in (4) is the quantization ermr, which depends

only on the number of quanlizatmn levels 28, Assumjng equi-

distant quantization with the glram 6 =R+ 2" the quantiza-
b

tion error is approximated by 5712 and
1 —3 1 R?
nlxp ) dx dy =88y n* =858, — - .
o
(6)

The following formula is then oblained for the total mean
square error (4).
- 1 Lie} Lio} R
pol. (%, By, By o)
12 M N 2
The optimal digitization problem is to minimize {7) subject to
the constraint (1). The variables L,, Ux: and R are
known constants which depend on the image. Tl{e problem is
solved simply by completing the squares in (7) and inserting
the constraint (1). The solution is
b 1 In|C-In?2 K ]
= n *In e e—
21In 2 [ LyGy Lyoy

(8)



L [

M= xJx /= (9)
Lyoy, b
L,o c

N= _li . - [ln}
Lo, b

It is interesting to see how the relation between the value range

R and the fluctuation rates o, and o, influence the solution.

Mote fluctuations leads to fewer bits (lower b) and more image
resclution. Fewer fluctuations requires more bits and fewer
samples, This agrees with earlier subjective tests [3], [4].

IV. THE EXPERIMENT

The criterion (2) was chosen largely for mathematical con-
venience. A number of experiments have been carried out to
see if the optimum digitization obtained corresponds to the
subjective notation of a good digitization [7]. Fig. 1 illusirates
with an original image and a number of digitized versions, A
scan of the original image gives the characteristics

R=406-10"2 L0, =968 107 Lo, (11)
It is seen from expression {11} that there are more fluctuations
horizontally than vertically. The number of bits used for digi-
tization is C=[256]%=65536. The product C=M-N+h

cannot be Kept constant, since M, N, and b are integers, The
hardware also limits the possible values on M and N to 512,

256, 170, 128, 102, 85, -+ (=trunc. (512/k)). The integers
which are closest to the optimal are M =170, N=85,and b=
4 |Fig. 1{c}]. If fewer bits/pixel (b << 4) are used, the image
looks blurred [Fig. 1{b)}]. If more bits/pixel (& > 4} and fewer
sampling points are used, some detail is lost. If the optimal
number of bits (b = 4) are used but less care is taken to the
twa directions (M =128 and N = 102}, it gives an *“‘edgier”
image because some detail is lost horizontally but not much is
gained vertically (7].

V., CONCLUSIONS

A theoretical formulation of the optimal digitization problem
is given. The solution is obtained from an optimization of a
criterion due to the constraint of fixed number of bits. The
solution is tested experimentally and agrees well with human
visual quality. An advantage is that the solution is given in
closed form [see (8)-{10)]. This makes it easy to use as a rule
of thumb, It also clearly points out the dependence on image
characteristics. This dependence explains and agrees with
results of other subjective tests, The criterion (2) is one of the
simplest which admits an analytic solution. It would be inter-
esting to look at other alternatives and make more extensive
experimentation,

ACKNOWLEDGMENT

We are grateful to Dr. T, Pavlidis who suggested the problem
to the third author. Support from the Swedish Board of Tech-
nical Development and the National Science Foundation is
gratefully acknowledged.

REFERENCES

W. K. Pratt, Digital Image Processing, New York: Wiley, 1978.

T. Pavlidis, Algorithmy for Graphics and Image Processing, Rock-
ville, MI): Comput. Sci. Press, 1982, p. 39.

A. Rosenfeld and A. C. Kak, Digital Picture Processing. New
York: Academie, 1982, p. 111.

T. 8. Huang, O. J. Tretiak, B. Prasada, and Y, Yamaguchi, *'Design
considerations in PCM transmission of low resolution monochrome
still pictures,” Proe. IEEE, vol. 55, pp. 331-335, 1967.

I. E. Abdou and K. Y. Wong, “Analysis of linear interpolation
schemes for bi-level image applications,” IBM J. Res. Develop.,
vol. 26, no. 6, 1982,

K. Steiglitz, “Transmission of an analog signal over a fixed bit-rate
channel,” FEEE Trans. Inform. Theory, vol. IT-12, no. 4, 1966.

L. Nielsen, K. J. Astrom, and E. [. Jury, “Optimal digitization of
2D images,” CODEN:LUTFD2/({TFRT-T7265)/1-023/(1983),
1983,

]
[2]

(3]
4]

151

I6]
7]



94; 1984 :

L Nielten KJMré'n A EL Toer
f-(»/a’tu( a f‘f" fitled . JJ

OPTINAL D/a rrgaraod
o 2-D /HA CET
(TeEE T-ASSTR32/C , 1954)

l‘x Vi / ~ i -
ne. /5"/ oL rz,q_’[/( e IS &6/'7 .fk'{@/?&&r

e KT Ackins -2 u,//o(7£,.. sifari

ADAPrive Cax/ . THeERY
.S“Uecéu.

J N e/feﬂg oroe fer:or af reLcaAr f/‘ ea-('
v 77504 A-/haéd
CSAJ “# 7[ ‘t V/Ju/ztj?érm 7 7& fegﬁo

o *—' [ TU - Uif/J mm‘o\]k%d/mg

il ¥ , Heria
gl L G%Mai%a/@“:
FLoRr/DA, USA.



‘R f7-er A‘-J s
/’-CKME-DGW

WE Are &RA7ETLY 76

Y Tie PAVLIDIS

Who SuseeTreD THE TEIBLEM TO

el R,  lender .

Q"J‘%CC“Z*J ﬂl‘é‘““?‘.‘
", of Hut” bime invelred ""%
Syw 8oL Tecunotceres

Y ihfcm-f'l “a “‘%
4 "f"‘,"“/ fnv‘/cmt :



$/G‘
*,nucc, 7[ ’K‘ {U""""“b
Ce@eo
Je
‘74%' 4('.!' /

o AN
g " on 0/@7‘
Pind e
’ T?j el
Y
=7 (87 (Wl
347)

. Nk
Ja,gm AT
£ Al il
”— locals
o i 4 %
gaﬁﬂ%% Jc.cuk%
v : -
; : e e
A ) etenfelon
o e
Cﬂr o
VisTP: W;B""/
/g95/

. AME,
Y Sl a F .
ua-e/

Dordse Jeal
j75  Leffe T,
ra«,fC/
...67%4;

ek
n’
J2y 4{



The Feoriem.

GNEM A SET OF S’\'GuMg SUCI_)
oNey Eo,(] ui'“« \m\ueo ovey [..\ , A] X

Represelr /pesceiBe. THEM AS BesT
Jou cpd ik LEST vHan K Rirs

,ngr‘\o'é
« SAMPLE Tal - AUAN 2E
Q,!p\.s To ShPLET flow 10 GL\‘MEE?)

'[g N sAMRLES Vil Be aumtizen
% b bits eade we!l| have %o

have
Nt 2B
Uoud Gaep s A PEPRESENTHIO

i (Ymuwv.&‘o o, DWSTANCE betiseon
SH)+6(h)
" Rwedled Arae




\“g Yeowryee “YeorEM
We \Ja\t % sdve s

B sbieh Nb<®

h,\}\{\‘ au.ce_[ sw.QQ’? C")] ol be
an.. wa\J i ’*‘ ‘° a,J\“Q.e

/AN

et i 9»3 f utinypd
h?r US TVE e (D ExpumeE
o Nichsew Adtvon p oy ad

Lok AT T



aSAHPLF gy CoNSYDER WG N
EQUAL S12ED 'Q‘!‘EE;/A\.? OF LENCTH-

6 '/N 3 @L _E LH/K(.) L"O)l
w-d DeESceire .Qc,o ovey X; ! 'v.) N
SwalLe k\UMqEQ QC‘)

» Quantize The Numgeps (&)

"\\ SLT:C-F\K‘\Q\ \[a—lu&a Y "“AQ Young e

()17 aedl mar *‘U\-\?&\":6 Qw,. |
dok& o,( ""LL Z waQL»-eA

rm“ﬁi&@
2 6 -4

5 a sise cnladk ol £ £Gc)
t;‘-‘ b bits.? "‘S’"‘ é‘?




ie’f us ok off "m‘., 9(:&

M awce. \o O_{U LW
r&‘-yfc sed O

D), for ™)’ ﬁ?@ s
%g@@ G+ f-§8 ] -

Z&%) Cry Vo + 1e

Z 2 (Lo 3}(3>S§f*> SO



:% » ?‘: - |
SAMPUNG REZ cASTRUCTLO - ?
PPl -
z S(_ o) (ty)
Cso\
\-/’R\f =

MERAGE™ BusiriAdTion Coes

p-y 6.
15 G0-65)




Mesce ve dbuned Yt
Dofefed)= T+ o

Lgruff- handro G?:t:\u ‘ a«i X
;‘Q&i- b ra}we.(«im'm Nuq: k

2







CWLS Was J\L& &k%\Mﬁb&:
Swenht Ginclar %o Ut NAT 44,
WV‘L ose mnan Va &-’M g;o m\p\e .

h
6 LU(M . SAPUNG "COA- b e
e T ————

w%\j%g D &glwe a 9,_,0%
)

6% g"j‘m )IQ;Z ad Vejeﬁs
mese via
4%%)(6(7” QC
N“‘E‘*— QL Ntkjwall-beQ Cw-x\eo&
g- Q\YO\S (Q; cuhz\/ﬁaue\ék' S ac
evew_ Alio:imr:m \.>.
/-\:,g— ‘{@Lf] ay e O.'\S "“QL& we_Laue




-ng} ‘?’g‘& @c C‘) ond *Qﬂ. ecrov (S
DL ?SG'%] E@) (‘aﬂfﬁh




o O..L( work A Q\ec:wﬁu,g&.m-f

mﬁ\?v‘ei \«&o"tm\
o Our woile o Wﬁ‘»\’gfl\ﬁ
a0 - -

e‘\afﬁeﬁ\ ans \Dmceswog

wa& ol GLW%M\N

Qu.e:\tlm N

\\X\nere_ & o’mﬁ—&ﬂaﬁuz
w ot o






