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On discrete SchrOdinger equations and their two-component wave 
equation equivalents 

Alfred M. Brucksteins ) and Thomas Kailath 
Information Systems Laboratory. Stanford University. Stanford. California 94305 

(Received 23 October 1986; accepted for publication 24 June 1987) 

An approach to inverse scattering problems for discrete SchrOdinger equations, which are 
discrete three-term recursions, is presented by systematically transforming them into discrete 
two-component wave-propagation equations. The wave-propagation equations permit the 
immediate application of certain computationally efficient and physically insightful "layer
peeling" algorithms for inverse scattering. The mapping of three-term recursions to two
component evolution equations is one to many, because the relation between the "potential" 
sequence parametrizing Schrodinger equations and the "reflection coefficient" sequence 
determining local wave interaction is a nonlinear difference equation. This mapping is 
examined in some detail and it is used to study both direct and inverse scattering problems 
associated with discrete Schrodinger equations. 

I. INTRODUCTION 

A highly nonstandard approach to the inverse scatter
ing problem of quantum mechanics is due to Krein (see, e.g., 
Chadan and Sabatier, I p. 123). It is based on a transforma
tion of the Schrodinger equation, parametrized by a poten
tial function P(x), into a two-component system of first
order differential equations parametrized by a local 
reflectivity function K(x). 

The point of this transformation is that the correspond
ing inverse scattering problem for the two-component sys
tem leads to an integral equation (the Krein equation) dif
ferent from the classical equations due to Gel'fand and 
Levitan and to Marchenko. One can formally show in a rath
er straightforward way that, to a given one-dimensional sec
ond-order nonhomogeneous wave equation 

( a a2
) -2 - -2 V(x,t) - P(x) V(x,t) = 0 

ax at 
(1.1 ) 

(which by Fourier transforming w.r.t. the time variable be
comes a Schrodinger equation), we can associate a two-com
ponent first-order differential equation [relating right and 
left propagating waves {WR (x,t) , WL (x,t)}] of the follow
ing form: 

~[WR(X,t)] = [ -a/at 
ax WL (x,t) - K(x) 

-K(X)] [WR(X,t)]. 
a/at WL (x,t) 

( 1.2) 

Indeed, if the reflectivity function K(x) is related to the po
tential P(x) via the Riccati equation 

-~K(x) +K2(X) =P(x) (1.3) 
dx 

and V(xo,t) = WR (xo,t) + WL (xo,t) at some point xo, it 
follows that 

V(x,t) = WR (x,t) + WL (x,t) (1.4) 

holds everywhere (see Chadan and Sabatier,I Bruckstein 

and Kailath,2 and Bruckstein, Levy, and Kailath3
). Note 

that if one starts with wave-propagation equations as in 
( 1.2), then it is immediate to determine the potential func
tion of the corresponding second-order (Schrodinger) equa
tion; however, the reverse mapping is more problematic. 
From ( 1.3) we expect it to be nonunique, since we also need 
an initial condition, say K(xo), in order to determine K(x) 
given the potential P(x). 

Several interesting questions now arise in the context of 
Krein's approach to inverse scattering: For which potentials 
can we find reflectivity functions obeying (1.3)? Are there 
potentials for which the reflectivity function is uniquely de
termined from the corresponding Riccati equation? Are 
there potentials for which no reflectivity function obeying 
(1.3) exists? The answer obviously depends on the interval 
over which we wish to determine a model as well as on the 
properties of the potential P(x) . If the potential is identically 
o for XE [0,00 ) then reflectivity functions obeying (1.3) are 
of the formK(O)/( 1 - K(O)x), and, to be well defined on the 
positive axis, K(O) can be any negative value. However, had 
we required a solution over the entire real axis, the conclu
sion would have been that K (x) = 0 is the only one that does 
not blow up at any point. This simple example shows that the 
mapping from potentials to reflectivity functions may some
times be problematic. 

We shall analyze the problems raised above for a dis
crete version of the wave (or Schrodinger) equation. Doing 
a straightforward discretization of Eq. (1.1), with both spa
tial and temporal quantization intervals chosen to have 
length A, one arrives at the equation 

Vex + A,t) + vex - A,t) 

=G(x){D+D-I}V(x,t) +O(A4 ) , (1.5) 

where G(x) is defined as 

G(x) = exp{A2[P(x)/2]} ( 1.6) 

andD acts on time sequences as a A/unit delay operator, i.e., 

DI(t) =f(t - A) and D -If(f) = f(t + A) . (1.7) 

·Presently with the Faculty of Electrical Engineering. Technion, lIT, For details of the discretization see, e.g., Case and Kac.4 If, 
32000, Haifa, Israel. for integer values of n and 1', V(nA,1'A) is rewritten as 
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V(n,1") and all functions of the (discrete) time index are 
replaced by formal two-sided power series in D, i.e., 

f(1")-f(D) = "Lf(1")DT, 
'fEZ 

Eq. (1.5) becomes a discrete wave equation 

V(n + I,D) + V(n - I,D) = G(n){D + D -1}V(n,D) , 

( 1.8) 

which has the form of a "classical" discrete Schrodinger 
equation with eigenvalue U = D + D -I (see, e.g., Case and 
Kac4 and Case5

). Note that by (1.6) the potential sequence 
G(n) is always positive. Since in the continuous case it is 
assumed that P(x) tends to 0 as x goes to infinity (in each 
direction), we have that G(n) tends to 1 as Inl- 00. It is 
usually further assumed that convergence to these limits is 
quite fast, therefore our discussion will often refer to the case 
of G(n) = 1 for Inl exceeding a certain value N. 

We shall also consider here a generalized version of 
(1.8) parametrized by two sequences of numbers 
{F(n),G(n)}, 

F(n) V(n + I,D) + F(n - 1) V(n - I,D) 

= G(n){D + D -1}V(n,D) , ( 1.9) 

where F( n) is never zero and tends to 1 as In 1- 00 • 

Our interest in discrete Schrodinger equations arose 
from recent research on efficient algorithms for solving nest
ed (linear) systems of equations, or integral equations, re
cursively for increasing dimensions. Such algorithms pro
vide lattice filter solutions for linear prediction/estimation 
of stochastic processes and are of crucial importance in digi
tal signal processing (see, e.g., the discussion in Kailath6 and 
the references therein). It gradually became clear that there 
are close connections between inverse scattering problems 
for transmission-line models and estimation theory, and in 
both fields the problems are solved once one has an algo
rithm for recursively determining a layered medium, or a 
cascade filter, from impulse responses or equivalent spectral 
data. Moreover, in both fields the solutions may be found 
either by first deriving and solving sets of linear equations 
(or integral equations, in the continuous case) or in a direct 
way, by exploiting the causality of signal propagation and 
structure of the layered medium, i.e., the assumed structure 
of the elementary processors in a cascade filter. This re
search also showed that the more efficient way of finding the 
solution of inverse scattering problems is via a recursive lay
er identification and peeling process, in which signals are 
propagated through the already identified layers to provide 
the scattering data for the deeper and yet unidentified layers 
of the medium (see, e.g., Bruckstein, Levy, and Kailath3 and 
Bruckstein and Kailath2,7). It was thus natural to look for 
similar algorithmic solutions to the classical inverse scatter
ing problem, which starts with the Schrodinger equation as 
the propagation model. This paper shows that, in the dis
crete case previously analyzed by Case and Kac,4 and Case5

,8 

and several others, direct layer-peeling solutions are always 
possible via a mapping of the Schrodinger equation to a two
component wave-propagation model, and hence to an equiv
alent discrete transmission line. The mapping then provides 
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a new algorithmic inverse scattering procedure that does not 
proceed via classical systems of equations (see, e.g., Cases) 
corresponding to the solutions of Gel'fand-Levitan, Mar
chenko, or Krein (see, e.g., Chadan and Sabatier l

). 

This paper is organized as follows. The next section 
deals with the formal mapping of the discrete Schrodinger 
equation into a two-term wave evolution equation, and 
proves that such a mapping is always possible. In Sec. III we 
then discuss some properties of the mapping between poten
tials and the reflection coefficients that parametrize two
term evolution equations. In Sec. IV we deal with direct and 
inverse scattering problems and derive layer-peeling algor
ithms for inverse scattering based on inverse scattering for 
transmission-line models; an example from Cases is then 
reexamined from this point of view. 

II. FROM THREE-TERM TO TWO-COMPONENT 
EQUATIONS 

Equations (1. 8) and (1. 9) relate discrete functions of 
time, in their formal power series representations, at three 
consecutive points in space. They may be regarded as recur
sive ways of defining V(n,D), given the "interaction" pa
rameters {F(' ),G(')} and some initial conditions V(O,D) 
and V( I,D), say. 

Suppose that, over a certain interval in the space coordi
nate nE[ NL,NR ], we have F(n) = 1 and G(n) = 1. It is 
then straightforward to verify that, over [NL ,NR ], the solu
tion of the three-term recursion is of the form 

(2.1 ) 

To determine the functions rPR,L (D) we of course need the 
signals V(n,D) at two points in space. In the time domain, 
( 2.1) means that 

V(n,1") = rPR (1" - n) + rPL (1" + n) , (2.2) 

i.e., V(n,1") is a sum of two noninteracting right and left 
propagating waves over nE [ N L ,N R ] • Regarding V( n, 1") as a 
sum of waves propagating in opposite directions can give 
simple physical interpretations to relations induced between 
time signals at various points in space, as a consequence of 
linear and causal wave interaction. One of the major aims of 
this paper is to show that a decomposition of signals V(n,1") 
into interacting waves propagating in opposite directions can 
be done in general: The potential sequences {F(n),G(n)} 
determine the local interactions between the right and left 
propagating wave components of V(n,1") via a local reflec
tion coefficient sequence {Kn }, corresponding to the contin
uous reflectivity function. 

To do this, we start by writing, for a general Schrodinger 
equation, that V(n,D) is the sum of two components as fol
lows: 

[
WR (n,D)] 

V(n,D) = [1 1] W
L 

(n,D) . (2.3) 

Now, since V(n,D) obeys (1.8) or (1.9), we have to deter
mine a sequence of operators, {E>(n,D)}, that will yield 
wave components at n + 1 from the ones at n, and also en
sure that (2.3) will hold at all points in space. This sequence 
of 2 X 2 matrix operators will, of course, be determined by 
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the potential sequences, i.e., G(n) and F(n), that parame
trize the three-term evolution equation. Since we wish to 
consider both forward and backward evolution operators we 
require the 0(n,D) to be invertible for every n. Writing 

[ 
WR (n + I,D)] _ " [WR (n,D)] (2.4) 
WL (n + I,D) - 0(n,D) WL (n,D) , 

some algebra shows that we can determine V( n + I,D) from 
V(n,D) and V(n - I,D) as follows. Here V(n + I,D) is giv
en by 

V(n + I,D) = [1 1]0(n,D) [ 
WR (n,D)] 
WL(n,D) 

(2.5) 

and using (2.4) and (2.5) we also have 

[ 
V(n,D) ] [ I I ] [WR (n,D)] 

V(n - 1,D) = [I 1]0- I (n - I,D) Wdn,D) . 

(2.6) 

This yields 

[011 (n,D) + 021 (n,D) 012(n,D) + 022 (n,D) ] 

[ 
I I ]-1 

V(n + I,D) = [I 1]0(n,D) [I 1]0- I (n _ I,D) 

[ 
V(n,D) ] 

X V(n _ I,D) , (2.7) 

a three-term recursion for V(n,D) that should be made iden
tical to (1.9). For this the sequence of matrices 0(n,D) must 
obey 

[I 1][0(n,D)] = [G(n) {D+D-I} _ F(n -1)] 
F(n) F(n) 

X[[I 1]0~1(:-1,D)]' (2.8) 

If we set 

0(n,D) = [011 (n,D) 012(n,D)] 
021 (n,D) 022(n,D) , 

then (2.8) reads 

(2.9) 

[ 

I 
G(n) -I F(n - 1) 

= [F(n) {D+D } - F(n) ] °22(n-I,D)-021(n-I,D) 
det 0( (n - I,D) 

Oll(n - I,D) ~ 012(n - 1,D)j. 
det 0(n - I,D) 

(2.10) 

There are many ways of choosing operator sequences that 
will make (2.1 0) into an identity. We shall be interested, for 
reasons to become clear soon, in nonsingular matrices hav
ing the following structure: 

0(n,D) = 0 n [~ D °_ 1] 

=Yn[ -~n -~n][~ DO_I]' (2.11 ) 

where we require IKn I =f I, for all n. Thus it will be assumed 
that the propagation operators are composed of a relative 
shift operator, delaying WR (n,D) one unit of time and ad
vancing WL (n,D) by the same amount, followed by a sym
metric pure-gain matrix mixing the two sequences, 
DWR (n,D) and D -I WL (n,D), pointwise in time. We as
sume this form for the operators 0(n,D) because their so
called scattering domain representation l:.(n,D), relating 
WR (n + I,D) and WL (n,D) to WR (n,D) and 
WL (n + I,D), is then the cascade connection of a causal 
scattering matrix that delays the waves propagating in oppo
site directions and a wave-interaction matrix that transmits 
part of the signal and reflects part of it adding the reflected 
part to the wave propagating in the opposite direction (see 
Fig. 1). Indeed, writing 

[
WR(n+ I,D)] = l:.(n,D) [ wR(n,D)] (2.12) 

WL (n,D) WL (n + I,D) 

a few steps of algebra show [using (2.11)] that 
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l:.(n,D) = [~ ~] 

[
ern -K~)lIYn 

X K 
n 

-Kn ][D °
1
], 

llYn ° 
(2.13 ) 

(a) 

Yn 
-~ 

FIG. 1. (a) Transmission and (b) scattering representations of wave-prop
agation operators. 
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The above assumed structure for the signal transfer opera
tors, and their scattering equivalents, leads to transmission
line models that are discrete-case analogs of ( 1.2), see, e.g., 

I 

[Yn(1-Kn)D Yn(1-Kn)D- 1] 

Bruckstein and Kailath.7 

Using (2.11) forthe0(n,D) operators (2.lO) becomes 

=[G(n) {D+D-1} _ F(n-1)][D- 1Yn-_11 +~n-.!IKn_1 
F(n) F(n) 1 _ K2 

n-I 

C2.I4) 

and the equation becomes an identity provided 

Yn =F(n)IG(n + 1)(I-K~), (2.l5a) 

(1 +Kn)(1 - Kn_ l ) = F 2 (n)IG(n)G(n + 1) . 

(2.15b) 

Here we have used the fact that delay and advance operators 
commute with scalar gains and have equated the coefficients 
of D and D -I in (2.14). Thus to have that 
V(n,D) = WR (n,D) + WL (n,D), the wave components 
should evolve according to (2.4) with the parameters of the 
symmetric delay-and-interaction operators 0(n,D) being 
determined by (2.15). 

To summarize, suppose that we are dealing with a three
term recursion (1.9) defined over nE ( - 00, 00 ). Given the 
potential sequences {F(n),G(n)}, we have the following re
sult: If a sequence Kn can be determined so that it obeys 
(2.I5b) and is, for all n, different in absolute value from 1, 
then we can associate to the three term recursion (1.9) the 
following transmission-line type wave propagation model 

[
WRen + I,D)] 

WLCn + I,D) 

___ F-..:.C--,n )~ __ [1 -Kn] 
GCn+l)(I-K~) -Kn 1 

x[~ o J [WR (n,D)] 
D -I W

L 
(n,D) . 

(2.16) 

We now show that we can always determine infinite se
quences Kn, so that JKn J =1= 1 for all n, and also satisfying 
(2.I5b ). Let us further analyze the relation (2.15b). Define 
the strictly positive sequence of numbers 

Pn =F2 Cn)IGCn)G(n + 1). (2.17) 

It is clear that the nonlinear difference equation C 2.15b) can 
be read either as a right, or forward propagating recursion, 
yielding Kn from Kn _ 1 , 

(2.18a) 

or as a left, or backward propagation equation, yielding Kn 
fromKn _ l , 

(2.18b) 

To determine a {Kn} sequence, we thus need to choose an 
"anchoring" value at some point, say n = 0, i.e., to set an 
initial condition to the forward and backward recursions 
(2.18). Clearly we need to haveKn different from 1 in abso-
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I 
lute value, since Pn in (2.I5b) is strictly positive. The follow
ing lemma shows that we can always choose an initial condi
tion that determines a {K n} sequence that has JK n J =1= 1 for 
all n. 

Lemma: Given an arbitrary sequence of numbers {Pn}, 
Pn > 0 for all nEZ, there exist uncountably many sequences 
{Kn }, such that, for all n, 

C 1 + Kn ) (1 - Kn _ 1 ) = Pn . 

Proof: We shall show that there are uncountably many 
values for Ko for which both forward and backward recur
sions yield sequences Kn having JKn J =1= 1. The forward re
cursions will never yield a-I since Pn is always positive, 
however, they cannot be propagated past a point where the 
K-sequence hits a value of 1. The backward recursions never 
hit the value I,however, they may at some point yield a - 1, 
beyond which we cannot proceed. Assume that at all points 
n > 0 we start backward recursions, i.e., (2.18b), with the 
initial value of 1, and at all points n <0 we start forward 
recursions with K n = - 1. We proceed, if it is possible, with 
these recursions until n reaches 0 and exclude the values that 
are attained at this point from the set of possible anchoring 
values for Ko. But, since any real value can be an anchor 
point for Ko and the above described process rules out at 
most countably many of them, it will be possible to find un
countably many initial values Ko that will yield solutions of 
the nonlinear difference equation (2.15b) on the entire line. 
Hence there always exist infinitely many different {Kn} se
quences that correspond to any givenpn sequence. Q.E.D. 

We have proved that to any three-term recursion of the 
form (1.9) there correspond many wave propagation mod
els of the form (2.16). We call these models wave-propaga
tion equations because, as pointed out above, (2.16) implies 
that the signals WR (n,D) and WL (n,D) may indeed be re
garded as waves propagating in opposite directions in a 
layered scattering medium that determines their causal in
teraction. The wave-interaction ~(n,D) show that the medi
um layers operate causally on the incoming waves WR (n,D) 
and Wdn + I,D) to generate the outgoing waves 
WR (n + I,D) and WL Cn,D). As we see from (2.13) the 
pointwise interaction matrix of the layers' scattering repre
sentations have as right and left reflection gains Kn and 
- Kn, respectively. This is the reason for calling the Kn's 

local reflection coefficients. 
The causal picture of wave propagation proves to be a 

most intuitive physical interpretation of signal interactions 
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described by the discrete Schrodinger equation: Given a po
tential sequence {G(n)}, or generally, a pair of sequences 
{F(n),G(n)} we shall investigate the properties ofthe dis
crete SchrOdinger equation via corresponding reflection co
efficient sequences {Kn}. 

III. POTENTIALS AND LOCAL REFLECTION 
COEFFICIENTS 

It is usually assumed that the sequences {F(n),G(n)} 
tend to 1 as In 1--+ 00. In this case the corresponding P" se
quences defined by (2.17) also converge to 1 with increasing 
I n I· We have from the forwards and backwards recursions 
(2.18) that, if Kn tends to a limit, then 

lim Kn = O. (3.1) 
Inl-oo 

However, the convergence of K" to 0 is conditioned on the 
asymptotic behavior of the sequence Pn . From (2.15) we see 
that, in order to have a convergent K" sequence for In 1--+ 00, 

it is necessary that P" - 1 approaches 0 as fast as 
K" -Kn_ 1 -KnKn_1 (=Pn -1),forsomeKn sequence 
convergent to O. It is not difficult to show that a sufficient 
condition for having a convergent K" sequence is that 
~n = 1 -P" approaches o from above, i.e., sothatp" < 1 for 
all n big enough in their absolute value. This means, for ex
ample, that the potential in Eq. (1.8), G(n), should obey 
G(n)G(n + 1) > 1 foralln, a condition triviallymetifG(n) 
is always greater than 1. 

To avoid dealing with convergence conditions we often 
assume that the potentials are already at their limiting value, 
1, for Inl > No· In this case the iteration ofthe functions 

F,(x) = 1/(I-x) -1 and Fb(x) = 1-1/(I-x) 

(3.2) 

yields K" sequences that converge to 0 as 1/ln I. To see this 
we can either check directly that sequences converging to 0 
as 1/lnl satisfy the recursions induced by (3.2) or transform 
(2.18) into two-component recursions forA" andB", where 

K" =A"/B,, . (3.3 ) 

It is straightforward to show that 

[A,,] = [1 P" -1][A,,_I] 
B" - 1 1 B"_I 

(3.4) 

implying that, for n > 0, A" and Bn are given by 

[An] = .IT [~ Pi - 1] [Ko] . (3.5) 
B" 1=" 1 1 1 

Now if P" = 1 for n > No we obtain 

K" =AN.I- (n-No)ANo +BNo--+O. (3.6) 

and a similar exercise shows that for n --+ - 00, K n also tends 
to zero as 1/( In - Nol). 

Note that if we had F(n) = G(n) = 1 for all neZ, the 
sequences K" that would correspond to an anchoring value 
of Ko would be 

K" = KaI( 1 - nKo) , (3.7) 

the excluded values for Ko being {1/nlneZ}. 
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A. Conditions for losslessness 

Suppose that we can find a sequence Kn corresponding 
to the given potential sequence (s) so that 

IKn 1< 1 for all n . (3.8) 

The evolution equations (2.16) into which the three-term 
recursion ( 1.9) is mapped then yield sequences proportional 
to those provided by the following associated wave equation: 

[ w~ (n + 1,D)] 

Wren + I,D) 

1 [1 
=(1_K~)1/2 -Kn 

[
D 0] [W~ (n,D)] 

X 0 D -I Wr(n,D) . (3.9) 

These equations describe wave propagation on a lossless 
transmission line, as discussed in Bruckstein and Kailath.7 

The interaction (gain) matrices are J lossless in the trans
mision representation, i.e., 

0* J0* T = J with J = [1 0] 
" n 0 - 1 

(3.10) 

and this implies that they are unitary (lossless) in their scat
tering representation. 

Let us determine conditions under which a given three
term recursion may be mapped into a lossless model, with all 
reflection coefficients less than 1 in absolute value. From 
(2.19) we see that necessary conditions for this are 

O<Pn <4 = max{(1 + K" )(1- K n_ I )}. (3.11) 

To obtain sufficient conditions, too, let us study the forward 
and backward recursions providing the {K,,} sequence from 
the anchoring pointKo, say. A simple analysis off unctions of 
the form 

F,(x;p) =p/(1-x) -1 and Fb(x;p) = I-p/(1 +x) 

(3.12) 

shows that, ifp < 1, then F,(x;p) maps the interval ( - 1,0) 
into itself, whereas F b (x;p) maps (0,1) into itself. If we 
therefore ensure thatKI is in ( - 1,0), then Kne( - 1,0) for 
all positive n, and similarly if K -Ie( 0,1) then K" will remain 
in that interval for all n < O. Thus, choosing Ko = 0 [or any 
value in the interval (Po - 1,1 - PI) ], we shall have that 
IK" 1< 1 for all n, providedpn < 1, for all n. This proves that 
a sufficient condition for the three-term recursion (1.9) to cor
respond to a lossless two-component evolution equation is that 
all the positive values P", defined by (2.17), are less than 1 in 
magnitude. 

In the special case of the three-term recursion (1.8), 
which is parametrized by the single sequence {G(n)}, we 
realize that the above condition for losslessness is satisfied 
automatically provided we have all G(n) > 1. This corre
sponds to a continuous model for which the potential is al
ways positive, a well-known condition for the nonexistence 
of so-called "bound-state" solutions for Schrodinger equa
tions. Losslessness should intuitively correspond to no
bound-state situations, since bound states correspond to en
ergy trapped in the medium, which is impossible in lossless 
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media (see, e.g., Ablowitz and Segur9
). 

B. Local mapping between reflection coefficients and 
potentials 

Suppose we are given a local reflection coefficient se
quence {K n} and we ask for the potential sequences 
{F(n),G(n)}. These sequences should obey 

F 2 (n)/G(n)G(n + 1) =Pn = (1 +Kn)(I- K n_l) 

(3.13 ) 

and they are not uniquely determined by (3.13). If F( n) = 1 
for all n and G • (n) obeys the relation (3.13), then clearly 
G (n) = G • (n ) Z (-I). is another valid potential sequence for 
any Z #0. To determine the potential sequence uniquely we 
need to anchor it at a given point, say n = O. Suppose, how
ever, that we wish to have a local functional dependence of 
the potentials on the reflection coefficients. If we try to set 
G(n) = r(Kn _ I ), then we see that it is necessary for F(n) 
to be different from 1. Writing (3.13) out in terms of the 
r(Kn) we obtain 

F 2 (n) = (1 +Kn)r(Kn)(I-Kn_1 )r(Kn _ I ). 

(3.14) 

Requiring further F(n) to be independent of Kn _ 1 leads to 

r(Kn_ l ) = G(n) = 1/(1-Kn_ l ) 

and (3.15) 

F(n) = [(1 +Kn)/(1-Kn>1 -1/2 

and we see that, to have positive G(n) and real F(n), it is 
necessary for all Kn to be less than unity in magnitude. In 
this case the evolution equations (2.16) become identical to 
the lossless propagation model (3.9). Three-term recursions 
having F( n) and G (n) given by (3.15) were first derived in 
(Bruckstein and Kailath2

) from the corresponding 10ss1ess 
two-component equations as recursions that describe the 
evolution of the voltage on a transmission line with piecewise 
constant impedance function. The associated current signals 
are defined as [(n,D) = WR (n,D) - WL (n,D), and obey a 
complementary pair of three-term recursions, with G(n) re
placedbyG(n) = 1/[1 +Kn]· 

We note that associated wave difference or current vari
ables can be defined for arbitrary three-term recursions and 
then we can write that 

[
V(n,D)] = [1 
[(n,D) 1 

1][WR (n,D)] 
- 1 WL(n,D) 

(3.16 ) 

and we readily obtain two-component evolution equations of 
the following form: 

[ V(n+l'D)]=~[1 1] 
[(n + 1,D) 2 1 - 1 

X0(n,D)[~ 1][V(n,D)] . 
- 1 [(n,D) 

(3.17) 

After some simple algebraic manipulation these equations 
can be put in the form 
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[
V(n+l,D)] 
[(n + 1,D) 

F(n) [1 
= 2G(n + 1) [1 + Kn] 0 

[
D +D -I D -D -1][V(n,D)] 

X D-D-I D+D- 1 [(n,D) . 
(3.18 ) 

This form of two-component equations associated to a trans
mission-line model was recently found useful in deriving 
new and computationally efficient algorithms for matrix fac
torization and estimation applications. It turns out that, by 
parametrizing the media in terms of 
A.n = (1 + Kn )/(1 - K n ), these algorithms require about 
half the number of multiplications when compared to con
ventional transmission line based algorithms see, e.g., Bis
tritz, Lev-Ari, and Kailath. 1O 

IV. DIRECT AND INVERSE SCATTERING PROBLEMS 

Up to this point we discussed the basic three-term recur
sions (1.18) and (1.9) and showed that we can always asso
ciate to them two-component propagation equations of the 
form (2.16) or (3.18). The basic three-term recursions 
(1.9) can be written out in the space-time coordinates (n,r) 
as a second-order system of partial linear difference equa
tions (see, e.g., Fort,l1) 

(a) 

TIME(t ) 

, 
(o.o~ 

dolo 

(b) 

TIME(!) 

I-r- d elermined ralues of 
Vln,lI 

(n ) SPACE 

m recursive forwardprapoqalion 
diagram 

(n)sPACE 

FIG. 2. (a) Computable regions of V(n,1") from given sequences, and (b) a 
diagram of in1Iuence propagation from a certain data point. 
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ar (n,r) V(n + 1,r) + aJ (n,r) V(n - 1,r) 

+ au (n,r) V(n,r + 1) + ad (n,r) V(n,r - 1) 

+ ac (n,r) V(n,r) = 0 , 

where 

ar(n,r) =F(n + 1), aJ(n,r) =F(n), 

au (n,r) = ad (n,r) = - G(n), ac (n,r) = 0 . 

(4.1 ) 

(4.2) 

Notice that the a ... (n,r) are independent of the time index r, 
which made possible the transform analysis, i.e., the repre
sentation of ( 4.1) as a recursion relating formal power series 
via three-term propagation equations having constants or 
time-delay/advance operators as coefficients. 

To determine V(n,r) from (4.1), or the three-term re
cursions (1.9), we need to be given two initial condition 
sequences, say V(O,r) and V( 1,r), or in general any pair 
V(m,r) V(m + 1,r). Then we can forwards or backwards 

propagate the three-term recursion to obtain the time se
quence V(n,r) at any point in space n. Furthermore, the 
sequence at V(n,r) depends linearly on the initial given ini
tial sequences. To analyze graphically the influence propa
gation of given data sequences we can plot space-time dia
grams as depicted in Fig. 2. We see in these diagrams that 
given a contiguous portion of the data sequences, it will be 
possible to determine V(n,r) in a certain influence region 
that can readily be mapped. 

If we pass to the equivalent two-component domain, 
where we are given interlocked recursions for the right and 
left propagating signals then we need as initial conditions the 
two wave components at a certain point in space, say 
WR (m,r) and WL (m,r). The waves at any point in space 
will obviously be given by (in the transform domain), 

[ 
WR (n,D)] [WR (m,D)] 
W

L 
(n,D) = M(m:n,D) W

L 
(m,D) , (4.3) 

where the operator M(m:n,D) is given by 

(

[ M~ (D)] = i=V-l 
F(i) [1 

G(i+1)[l-K7] -Ki 
if n>m, 

M(m:n,D) = 
n G(i+1) [D- 1 

[M;:'(D)] -I = IT 
i=m-I F(i) 0 ~][;i 

(4.4) 

Given a legal choice of "anchor" value for the reflection coefficient sequence, at m, 
{V(m,D),V(m + 1,D)}, we can determine the wave components {WR (m,D),WL (m,D)} from 

K m , and the data pair 

WR (m,D) + WL (m,D) = V(m,D) , 

{F(m)/G(m + 1) [1 + Km]} (DWR (m,D) + D -I WL (m,D») = V(m + I,D) , 

i.e., we have 

( 4.5) 

[ 
WR (m,D)] [ V(m,D) ] 

=E(m,D) 
WL (m,D) V(m + I,D) 

[ 

1 

= F(m) D 

G(m + 1) [1 + Km ] 

Now to determine V(n,D) for any n we can write that 

V(n,D) = [1 1] [;: ~:~~] 

[ 
V(m,D) ] 

= [1 1 ]M(m:n,D)E(m,D) V(m + I,D) 

(4.7) 

and, since the choice of the reflection coefficient sequence, 
and thus of K m , clearly does not enter in the determination of 
V(n,D) from the initial conditions {V(m,D),V(m + I,D)}, 
we have that the row vectors 

[<I>(m:n,D)'I'(m:n,D)] = [1 1 ]Mm:n (D)E(m,D) 

(4.8) 

are independent of K m' and in fact of the two-component 
medium altogether. 

We have shown that there exist transfer functions relat-

2920 J. Math. Phys., Vol. 28, No. 12, December 1987 

(4.6) 

ing the initial conditions to the signals at any point in space, 
and they are seen to have a very special structure. Let us 
analyze further the properties of these transfer (Green's) 
functions. 

A. Transfer function properties 

Let us first analyze the transfer matrices M~ (D), for 
m < n. We have by the definition (4.4) that 

m 

M~ (D) = IT 0(i,D) 
i=n-l 

= [[M~ (D)] 11 

[M~(D)]21 

[M~(D)]12] 
[M~(D)h2 

(4.9) 

and from the symmetry and invertibility of the elementary 
layer transfer functions, we obtain that M ~ (D) is invertible 
and obeys 

A. M. Bruckstein and T. Kailath 2920 



- - - [0 1M':,. (D)1 = M':,. (D -I) with 1 = 1 ~]. (4.10) 

Furthermore, the entries of M':,. (D) are polynomials in D 
and D -I of degree not more than n - m. The determinant of 
the matrix operator M':,. (D) is given by the product of the 
determinants of the ® U,D) appearing in (4.9). We have 

det{®U,D)} = FU)2/GU + 1)2[1- Kn (4.11) 

yielding 

det{M" (D)} = "n-I 
FU)2 

m i=mGU+1)2[I-Kn 

[1-Km _ I ]G(m) =-=-----....;....--
[l-K,,_dG(n) 

(4.12) 

Note that det{ M':,. (D)} approaches 1 as m -+ - 00 and 
n -+ + 00, if the potentials approach 1 as the space index 
increases. Equation (4.12) also shows that the inverse of the 
transfer matrix from m to n is given by 

[M':,.(D)r l 

[1- K,,_ dG(n) 
=-=---~~--

[1-Km-d G(m) 

[ 
[M':,. (D) h2 

X -[M':,.(D)]21 

[1-K,,-1 ]G(n) 

[1-Km- 1 ]G(m) 

[ 
[ M ':,. (D -I) ] 11 

X _ [M':,.(D) hI 

- [M':,. (D)] 12] 
[M':,. (D)] 11 

- [M':,. (D)] 12] 
[M':,. (D -1>]22 . 

(4.13) 

Finally, we shall note that the matrices M':,. (D), when for
mally regarded as functions of a complex variable z = D, 
obey on the unit circle 

[M':,. (e i8
)] J [M':,. (e j8

)] * = det{M':,. (D)} J 

(4.14 ) 

showing that the transfer matrix approaches (as the 
boundaries tend to ± 00) a J-unitary matrix (provided it 
converges, i.e., if its entries have limits as functions of a com
plex variable z) . 

The transfer matrices M':,. (D) yield the wave variables 
at depth n from those at depth m. It is natural to inquire 
about the relationship between the waves impinging on a 
portion of the medium extending from depth m to depth n 
and the outgoing ones. If the medium is originally at rest, the 
emerging waves are the causally generated response of the 
medium layers, since, as we have seen, the scattering descrip
tions of elementary medium layers are the causal, linear and 
time-invariant operators (2.13). A few steps of algebra show 
that the scattering representation corresponding to M ':,. (D) 
is 

2921 

s" (D) = 1 
m [M':,.(D)h2 

[ 
det{M':,. (D)} 

X _ [M':,.(D)]21 
[M':,.:D)]12] . 

(4.15) 
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Important properties of the scattering representations 
S':,. (D) are causality, inherited from the causality of elemen
tary layers the medium is composed of, and asymptotic loss
lessness due to the J losslessness of the corresponding trans
fer representation on the unit circle. 

We shall see that the data assumed to be available for 
inverse scattering, a problem that requires the recovery of 
the local parametrization of a scattering medium described 
by either a three-term recursion (or partial difference equa
tion) or a two-component evolution equation, are signals 
that are causally generated in these media. In the case of the 
wave-propagation description the causality has immediate 
meaning, however, if we are dealing with the V( n,D) signals, 
the concept of a causal signal has to be properly defined. We 
shall show that the Jost solutions as defined in the classical 
theory of inverse scattering (Cases) do indeed correspond to 
causally generated waves in the equivalent wave propagation 
media. 

B. Causal solutions and inverse scattering 

Suppose first that we are dealing with a two-component 
system corresponding to the discrete SchrOdinger equation 
( 1.8), and that we know the medium parametrization up to 
depth m, i.e., we have G(m) and Km _ I' Assume that we are 
also given an input-response pair {WR (m,D), WL (m,D)} at 
m = 0, that is right causal, i.e., we know that the WR1L (n,r) 
were zero prior to the time l' = ° when the first nonzero lag 
of the sequence WR (0,1') is sent into the medium towards 
the right. This implies that WL (0,1') will be the causal re
sponse elicited by right propagating input signal, and a little 
thought will show that we have, at depth n, 

WR (n,r) = 0, for r<n, 

WL (n,r) = 0, for r<n + 2, 
(4.16) 

simply due to the delay structure of the medium. Also we 
shall have, immediately (see Bruckstein and Kailath7

), that 

WL (n,r = n + 2) = K" WR (n,r = n) . (4.17) 

This observation is the basis of a straightforward inverse 
scattering process that yields the medium parameters from 
the data. Indeed, (4.17) readily yields Ko from the given 
data, then (2.15) provides G ( 1 ) , and then we can use (2.16) 
to determine the sequences {WR (l,D),WL (l,D)}. These 
sequences are a synthesized set of causal scattering data for 
the medium starting at depth 2 and extending to + 00, and 
we can proceed to determine KI and G(2), and so on. We 
thus have an immediate recursive layer-peeling procedure 
that recovers the medium parameters from the scattering 
data. For more detail on such procedures see Bruckstein and 
Kailath.7 We note that the scattering data assumed to be 
available is equivalent to having the left reflection function 
of So', the scattering representation for the medium portion 
extending from 0 to + 00. We have, from the structure of 
the medium, that the nestedness property 

[S,:(D)hl = [S':,.(D>]21 +D 2
(,,-m} 

X {a bilinear function of [S:, (D)] 21} 

(4.18 ) 
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holds, showing that the medium up to depth n can be recov
ered from the first 2n lags of its impulse response alone. 
There are interesting connections of the above discussed in
verse scattering method to an algorithm by Schur for testing 
for boundedness inside the unit circle, analytic functions of a 
complex variable (see Schur,2 Kailath,6 and Bruckstein and 
Kailath7

). 

Suppose now that we are dealing with scattering asso
ciated to the original three-term recursion ( 1.8) , and assume 
that the potential sequence G(n) is different from 1 only 
somewhere between n = 0 and n = N> O. In this case we 
know that solutions of (1.8) in the "outer" regions 
( - 00,0] and [N, + (0), are of the form 
t/JR (O.D)D n + t/JL (O,D)D - n and t/JR (N,D)D n 
+ t/JL (N.D)D n, respectively. Only two of the four 

t/JRIL (O/N.D) functions are independent, and those may be 
determined if we are given the signals V(· ,D) at any two 
points in space. If we consider the Jost-type solution (see 
Cases), for which V J (n.D) = D n for n > N, then it is easy to 
see from the influence propagation diagrams (Fig. 3) that 
we have for all n that 

00 

VJ(n,D) = L DiO(n,i) . ( 4.19) 
i=n 

Since by definition the sequences V J (n.D) obey the recur
sion (1.8), we readily obtain that the potential can be com
puted from the function 0 ( " . ) as 

G(n) = O(n - l,n - l)/O(n,n) , (4.20) 

therefore, an inversion algorithm could be based on first de
termining the kernels 0(','). The classical approach to in
verse problems was to derive integral/matrix equations re
lating the kernels O(n,i) to the scattering (or so-called 
spectral) data, and then using (4.20) to recover the poten
tials. We shall outline here an alternative approach, which 
exploits the structure of the problem directly, and recovers 
the potentials by propagating a nonlinear difference equa
tion. The insight that yields immediate derivations of these 
results follows from the equivalent two-component evolu
tion equations that can always be associated to three-term 
Schrodinger recursions. 

The scattering data that we shall assume available are 
the functions t/J~ IL (D) that specify the behavior of V J (n.D) 
in the region ( - 00 ,0]. First let us see what is the meaning 
of a Jost-type solution in the equivalent wave propagation 
representation. We have at depth n >N, that V(n,D) = D n 

and also that V(n + I,D) = D n + I, and using (4.6) we ob
tain 

WR(n.D) =Dn{I_ [1 +K,,]D2} 

xU +D2+D4+D6+ ... }, (4.21 ) 

where Kn is the local reflection coefficient at depth n in some 
equivalent two-component model, and the formal expansion 
11(1- D2) = 1 +D2 +D4 +D6 + ... was also used. An 
interesting fact becomes clear from this exercise: the waves 
corresponding to the Jost solutions are causal pairs in the 
region n > N. Let us look at what happens at the other edge of 
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the medium, at n = O. Assuming without loss of generality 
that G(O) = 1, we have that VJ(O.D) = t/JR (D) + t/JL (D) 
and VJ( I,D) = t/JR (D)D -I + t/JL (D)D. Using (4.6) 
again we obtain the following expressions for the waves: 

WR(O,D) = 1I(1-K_ 1){t/JR(D)[[1-K_ 1 ] _D2] 

-t/JL(D)K_1}{1 +D2 +D4 +D6 + ... }, 
WL (O,D) = 11(1- K_1){t/JR (D)D 2K_ 1 (4.22) 

+t/JL(D)[I- [1-K_dD2 J) 

xU +D2 +D4 +D6 + ... }. 
It can be seen that, provided t/J L (D) has a D 2 factor and is 
causal, the waves at n = 0 will constitute a causal pair of 
scattering data. It is relatively easy to show, using the struc
ture of the wave-propagation medium that we shall have a 
causal pair at aU depth n. This follows from the relation 
(4.3) and the form of [M;;'(D)] -I. 

Therefore the Jost solutions are causal, in the sense of 
corresponding to causal waves for any choice of equivalent 
reflection coefficient sequence. The straightforward layer
peeling algorithm can now be invoked to recover the poten
tialovertheregion [O,N]. Ifwe would havechosenK_ 1 = 0, 
and assuming that this choice yields a legal two-component 
model, we would have that 

WR (l.D) = t/JR (D) and Wd I,D) = t/JL (D) (4.23) 
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and we could start propagating the layer-peeling algorithm 
on this data. Note that we can never recover both F(n) and 
G(n) in the general equation (1.9) since the recovery ofthe 
local reflection coefficient sequence provides recursions for a 
nonlinear combination of these parameters. Therefore we 
can use this method to recover the parameters of either the 
classical discrete Schrodinger equation (1.8), or ofa variant 
for which only F(n) are different from 1, and there exists a 
mapping between such equations based on a renormaliza
tion, see, e.g., Case.8 Also it is important to note that if we 
assumed K_I = 0 and the algorithm yields a Kn

c 
= 1 at 

some point, we can continue the medium recovery from this 
point on by recomputing the scattering data under the as
sumption of another Kn' This can be done by obtaining 
V(nc - I,D) and V(nc - 2,D), say, and recomputing via 
(4.5) the waves with a different Kn

c 
_ I . 

It is clear that if we are given the Jost functions, we can 
obtain alternative causal pairs by assuming that the behavior 
in the region n>Nis VC(n,D) =D n (a causaljunction), 
since this corresponds to convolving the input and output 
waves at n = 0 with the same causal function. Sometimes the 
scattering data is given by an equivalent set of functions, for 
which, at n < 0 we have 

VC(n,D) = D n + s(D)D - n = VJ(n,D)ltPL (O,D) . 

(4.24) 

Here s(D) = [tPL (O,D) ]/[ tPR (O,D)] and we consider its 
causal expansion, starting withD 2, a property inherited from 
tPL (O,D). The pair WR (O,D) = 1 and WL (O,D) = seD) 
form a causal impulse response pair for the scattering medi
um associated with the Schrodinger equation, having 
K -I = 0 as the "anchor" reflection coefficient and we shall 
be able to recover the sequence G(n) from this data, via layer 
peeling. 

In his paper on one-dimensional inverse scattering 
Cases tests an inversion method, based on the discrete ver
sion of the classical theory that proceeds via Gel'fand-Levi
tan or Marchenko systems of equations, on an example that 
corresponds to the following one. Assume s(D) of (4.24) is 
given as 

s(D) =D2{ D2 - ~ _ I} 
(2 -g)D -g 

=(~ -1)D2+C~g - ~)D4 

+ ( (2 - g)2 _ 2 - g)D 6 + .... 
g3 g2 

(4.25) 

Applying the layer-peeling inversion algorithm on the pair 
of sequences {l,s(D)} is seen to yield 

K o="!'-I, KI = (I-g) , 
g - (1- g) +! 

K2 = (I-g) , 
- 2(I-g) +! 

(4.26) 

which provide, via (2.17) and assuming G(n) = 1 for n";;O, 
the potential sequence 

G(1) =g, G(2) = 1, G(3) = 1, (4.27) 
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a result that coincides, up to a shift in space, with that ob
tained by Case. 5 

v. CONCLUDING REMARKS ON BOUND STATES 

We have presented a rather direct approach to the anal
ysis of three-term recursions by mapping them into two
component wave-propagation equations having a certain de
lay-and-interaction structure. Note that we have assumed 
that the propagating signals are general time sequences and 
used their representation as formal power series, or generat
ing functions. This immediately puts us into the domain of 
so-called scattering solutions of SchrOdinger equations, 
therefore we did not discuss issues pertaining to the existence 
of so-called bound states. Indeed note that once Eqs. (1.8) or 
(1.9) is written as an eigenvalue problem 

F(n + 1) V(n + 1,..1.) + F(n) V(n - 1,..1.) 

= G(n)UV(n,A.) , (5.1) 

it receives more mathematical content than that implied by 
its interpretation as a wave-propagation equation. The spec
trum of values for A where solutions exist consists of the 
values A = cos Be [ - 1,1], for which D = e j8, and can have 
the interpretation of a delay operator in the harmonic analy
sis oftime sequences, but we may also ask what happens for 
values of A. outside the itnerval [ - 1,1]. If a solution to 
(5.1) exists for such a value of A, then we shall have that 
.DeR, i.e., it will be a real value, since 

D+D-I=U (5.2) 

implies that 

D I ,2 =A. ± [A. 2 _ 1]1/2, 

which also shows, incidentally, that DI = D 2- I. 
In our two-component interpretation, the waves then 

disappear in a rather mysterious way and are replaced by 
single values at each point in space (or rather, time se
quences will be have a constant value at all times). The D 
operators become pure gains, instead of delays, and the solu
tions of (5.1) effectively become sequences in only the space 
dimension. If we want these sequences to be bounded and 
have finite energy, it turns out that there is only a discrete 
spectrum of values of A for which such solutions exist. Sup
pose that we have a medium described by a sequence of po
tentials for which the reflection coefficients are very close to 
zero outside an interval [O,N]. Then we have that M ~ (D) 
describes the interaction of signals that exist at n = 0 and 
those at n = N. In order to have bounded solutions corre
sponding to some real value D = d; < 1, we need to have, see 
Fig. 4, 

WR (N,d;) #0 and WL (O,d;) #0 (5.3a) 

together with 

WR (O,d;) = 0 and WL (N,d;) = 0 (5.3b) 

proving that in this case we shall have [M ~ (d; ) ] 22 = O. 
Therefore, to have a bound-state solution, [M ~ (D) ] 22 has 
to have zeros inside the unit circle. The alternative analysis 
of dj > 1 leads to the same conclusion, viz. [M ~(D)] II 
needs to have zeros outside the unit circle. This condition 
however implies that the scattering matrix (4.15) has poles 
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FIG. 4. Conditions for the existence of bound states. 

inside the unit circle, which means that, from a system theo
retical point of view, the wave-scattering system is unstable, 
i.e., some inputs will elicit exponentially growing causal re
sponses. This did not bother us much, since all along we were 
not concerned with the boundedness of our functions, or 
with the convergence of the generating functions to legal and 
analytic functions in the complex variable D. We, however, 
obtained sufficient conditions under which such problems 
do not arise: indeed it is easy to realize that if the medium can 
be associated to a lossless structure we shall never have 
bound state solutions. Also if we stay in the scattering do
main and deal with sequences represented by purely formal 
generating functions, we can apply the straightforward 
analysis without any problems. If we want to deal with se
quences of numbers that are bounded and summable in some 
sense, we should only use inputs that do not excite the unsta-
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ble modes of the scattering medium. These issues underlie 
much of the effort in the rigorous treatment of discrete in
verse scattering problems, however, we feel that the simpli
city of the approach outlined in this paper explains the mech
anism of inverse scattering in a way that most directly 
exploits the wave interaction model assumed. 
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