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Abstract—A new approach to digital implementation of continuous-scale mathematical morphology is
presented. The approach is based on discretization of evolution equations associated with continuous mul-
tiscale morphological operations. Those equations, and their corresponding numerical implementation, can
be derived either directly from mathematical morphology definitions or from curve evolution theory. The
advantages of the proposed approach over the classical discrete morphology are demonstrated.
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1. INTRODUCTION

A new definition of discrete mathematical morphology
is presented. First, continuous mathematical morphol-
ogy is given as a dynamic process, where the basic mor-
phological operations are obtained as solutions of par-
tial differential equations. Then, discrete mathematical
morphology is defined via an efficient numerical im-
plementation of this continuous process. The result is
that this new discrete morphology approximates con-
tinuous morphology much better than the classical dis-
crete one.

Traditionally, mathematical morphology is intro-
duced in a set-theoretical setting.!! ~* Morphological
operators are defined as operators on sets in RY(R? in
case of shapes or binary images). The dilation §5:R¥ -
RY and the erosion ¢5:R¥ > RY of a set X = R" by a
structuring element B = RY are defined as the sets

<SB(X)éU Ux+b={x+b:xeX,beB} (1)

bheB xeX

e(X)2 ) | x—b. Q)
beB xeX
It is well known that erosion can be derived from
dilation since'!

ep(X) = (03(X°))°

where X ¢ is the complement of X, and Bisthe “transpose”
of B,B2 {b: —beB}. Then, dilation is obtained via
vector addition of all elements of the set X and the
structuring element B, and erosion is the dual operation
(“dilation of the background”).

The second pair of dual morphological operations
is obtained via the concatenation of erosion and dila-
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Curve evolution

Partial differential equations

tion. Opening is defined by

€ 2 54(e5(X))

and closing by

€ = e5(35(X)).

Figure 1 shows an example of these four operations on
the plane (R?). Note that opening smoothes the figure,
and closing smoothes the background.

From the definitions above we see that all the basic
operations of mathematical morphology are derived
from the dilation operator. In the sequel, we shall there-
fore refer to dilation only.

Function, or multi-level, morphology is usually de-
rived from set morphology via a homeomorphism
between the space of functions f:R¥ - R where R =
R {0, — oo}, and the subspace of umbra sets in R * ',
An umbra set S is a set for which

(X1 X303 Xy Xy 1)ES

(X, X0, X V)ES, VY < xysy

The dilation of functions can also be formulated in
function terminology'"

3,(/)x) = sup {f(x =) +g(v)} 3)

where g:R¥ - R is a function or multi-level structuring
element. Usually the support of the structuring element
of the morphological operation is finite. In set mor-
phology, finite support simply means that the structur-
ing element B has finite extent. In function morphology,
finite support of the structuring function g means, that
the support set G = {y:g(y) > — oo} is finite. In those
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Fig. 1. Example of the four basic operations of mathematical
morphology. The set X is a planar set, and the structuring el-
ement B is a disk.

cases the dilation can be reformulated as

,(f)(x)= sup {flx=y+4g(y)} “

Sometimes it is useful to deal with a subset of the finite
support structuring functions, namely, those functions
assuming a constant (usually zero) value over their sup-
port. The dilation with such a structuring function is
described by the local supremum operator

8,(N)(x)= Syl:g{f(x—y)}- )

The resulting operators can be considered as a special
family of mixed morphology: the operators act on func-
tions, though their structuring elements are support
sets. Henceforth they will be denoted by

S6(f)(x)= supf (x = ) (6)

Figure 2 shows examples of mixed morphology oper-
ations.

In reference (4) (see also reference (3)), Maragos des-
cribes a way to obtain the mixed morphology directly
from the set morphology (sometimes called binary
morphology'"), without the need to go through func-
tion morphology. First, the function f is transformed
into a family of threshold sets

T,(f)4{x: f(x)=a}, VYaeR. (7
Maragos proved that
86()x)= sup{aeRixeds(T(f)}. (8

Hence, mixed morphology can be obtained via set
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Fig. 2. Example of mixed morphology operations.

morphology. It is also possible to obtain set morphol-
ogy from mixed morphology (see Section 3).
Morphological operators can be approached as scale-
space operators.”® It can be shown that if the structur-
ing set (or umbra of the structuring function) is convex,
then®
5('1 +rz)B(X) = 5118(5115()())

5(11 +mg(f) = 5119(6120(f))

5(‘1 +lz)G(f) = gle(gtzG(f))

where for teR*,tB = {tx:xe B} and tg(x) = t- g(x/t).
Scale-spaces can therefore be defined for every morphol-
ogical operator 4,5(X),9,,(f) or 8,6(f), where t is the
scale parameter. In addition to its theoretical import-
ance, the scale-space approach is also important in
applications such as size filtering, pattern spectrum,
and smoothing.*®

Figure 3 presents an example of the dilation of a
continuous set with a disk of two different radii r; and
ry (r,>r,). From the property presented above, we
observe that the result of dilating the set with the
bigger disk, can be obtained either by dilating the
original set with a disk of radius r,, or by dilating the
intermediate result (dilation with a disk of radii r,)
with a disk of radii r, —r,.

In applications of mathematical morphology, the
implementation is performed on digital computers.
Indeed, the above theory is easily expressed in digital
terms replacing R” by Z¥. (See Fig. 4 for examples of
morphological operations on the discrete plane Z2.)
However, in many applications where morphology is
called upon because of intuitively agreeable results,
discrete morphology provides results considerably
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Fig. 3. Example of the dilation scale-space. The given set is
dilated with two disks of different radii.
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Fig. 4. Morphological operations on a discrete plane.

worse than those expected from continuous formulation.
Therefore, some of the advantages of morphology as
a shape analysis tool, are diminished in discrete mor-
phology.

The problem of discrete morphology stems from the
difficulty to create a convincing approximation of cir-
cles at different scales.”-® A square or a hexagon may
be used as digital disks, in spite of the fact that those are
not good approximations of continuous disks at all
radii. To address such a problem is one of the goals
of this work. Due to the close relation between set,
function, and mixed morphology, solving this problem
for one of them results in solving the problem for the
others, as we shall show in this paper.
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Since discrete versions of morphological techniques
often fail, digital implementation of morphological
operations must be based on other methods. A direct
approach is based on distance transformations.®'% A
distance transformation labels every pixel in an im-
age with its distance to the closest boundary pixel. The
dilation J,5(X), of a shape X by a circle tB of radius ¢,
is the union of all pixels with labels less or equal to t.

In this paper we present two alternative methods for
computer implementation of set and mixed morphol-
ogical scale-spaces. The first results from differential
geometry, and is described in Section 2. In it, instead
of deforming the shape, it is the boundary that is
deformed through an evolution equation. The algor-
ithm we discuss is based on the ideas of Sethian and
Osher''!'2) who developed numerical algorithms for
curve and surface evolution. The other method, pre-
sented in Section 3, is derived from a recent result by
Brockett and Maragos.!' ¥ They introduced a method
describing the function morphological operators as a
result of a partial differential equation (PDE). For set
morphology, we propose an algorithm based on the
numerical implementation of this PDE, and on an
“inverse definition”, defining set morphology via mixed
morphology. In Section 4 we discuss the two methods
and show that they turn out to be identical. It is
important to note that the algorithms presented here
are based on discretization of continuous mathematical
morphology, in contrast to the discrete morphology
usually proposed to address such issues (operations
on sets in Z"). The advantages of this method are dem-
onstrated by examples, and are discussed in Section 4
as well.

2. MORPHOLOGICAL OPERATIONS BY CURVEEVOLUTION

A set (or shape) is well defined by its boundary (a
closed planar curve in the case of planar shapes). There-
fore, when performing morphological operations on
sets, it is enough to investigate the influence of these
operations on their boundary. In this section we will
show how to perform morphological operations via
curve (boundary) evolution. We first present the basic
concepts of planar curve evolution.

Let €(p,1):S* x [0, T) - R? be a family of embedded
closed curves, where ¢ denotes time, and p parameter-
izes each curve. Assume that this family evolves accord-
ing to the following evolution equation: t

6 = =
—=oT + BN
at
: 9
%(p,0) = €olp)
where N is the outward Euclidean normal, T the unit
tangent,'' "' and « and B are the tangent and normal
components of the evolution velocity vV, respectively.
Assuming that the normal component  of ¥ is a geom-

+ The theory can be extended to surfaces in R”, n > 2.1#
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etric function of the curve, like curvature,!” it can
be proven that the tangential component a of ¥~ does
not affect the geometric behavior of the evolving curve,
only its parameterization.'® Since we are interested
only in shape, we consider the evolution equation
%N (10)
ot
where f = 7 N, i.e. the projection of the velocity vector
on the normal direction.

The evolution (10) was studied by different resear-
chers for different functions g. If, for example, f = —«
(the Euclidean curvature™ ™), it can be shown that any
closed, planar, simple, and smooth curve, converges to
around point..**~2!) Kimia et al.?*72% recently intro-
duced the theory of curve evolution into computer
vision. They studied the evolution given by f =1 — ¢x,
and based on it they defined a reaction-diffusion scale-
space for planar shapes. If f = 1, equation (10) simulates,
under certain conditions, the grassfire flow.(22:23:25:26)
The grassfire flow is the morphological scale-space
created by a disk. Later in this section, we will show
that morphological scale-spaces of some other struc-
turing elements can also be simulated with different
selections of f.

A number of problems must be solved when imple-
menting curve evolution equations such as (10) in digi-
tal computers. The basic problems are:

(1) Accuracy and stability. The numerical algorithm
must approximate the evolution equation, and it must
be robust. (These are general requirements for any
numerical algorithm.) Sethian‘!?) proved that a simple,
Lagrangian, difference approximation, requires an im-
practically small time step in order to achieve stability.
The basic problem with Lagrangian formulations is
that the marker particles on the evolving curve come
very close during the evolution. This can be solved
by a re-distribution of the marker particles, altering
the equations of motion in a non-obvious way.

(2) Development of singularities. If, for example,
B =1 in equation (10), even an initial smooth curve
can develop singularities (see Fig. 5(a)). The question is

(a)

(b)

Fig. 5. Problems in curve evolution implementation.
(a) Development of singularities—even a smooth initial curve
can develop singularities when evolving with velocity N. The
first singularity occurs at the center of curvature correspond-
ing to the maximal curvature of the initial curve (marked
point). (b) Topological changes—an initial connected curve,
evolving with velocity N, can be disconnected when evolving
in time.
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how to continue the evolution after the singularities
appear. The natural way is to choose the solution
which agrees with the Hiiygens principle.?® If the
front is viewed as a burning flame, this solution states
that once a particle is burnt, it stays burnt."? The
importance of this solution in shape analysis was pre-
viously pointed out and analyzed by Kimia et al.?272%
Also, it can be proven that from all the weak solutions
corresponding to equation (10), the one derived from
the Hiiygens principle, is unique, and can be obtained
by a constraint denoted entropy condition.*”

(3) Topological changes. As we see in Fig. 5(b), topo-
logical changes may occur in the curve when evolving
according to equation (10). This raises the problem of
handling splitting and merging curves.

Sethian and Osher(!!-12:2%:28 proposed an algorithm
for curve (and surface) evolution that solves these prob-
lems. This algorithm consists basically of two steps.
First, the curve is embedded in a higher dimensional
function. Then, the equations of motion are solved
using numerical techniques derived from hyperbolic
conservation laws.'#29 The basics of the algorithm
are given below. For the details, see references (11, 12).

The curve €(p, t) is represented by the zero level set
of a smooth and Lipschitz continuous function ®:R? x
[0, T]—R. In the following we assume that @ is neg-
ative in the interior and positive in the exterior of the
zero level set. Consider the zero level set, defined by

{ 7(t)eR?:D(F,1)=0}. (11

We have to find an evolution equation of @, such that
the evolving curve %(t) is represented by the evolving
zero level ¥ (t), i.e.

€)= 7(t)
By differentiating (11) with respect to ¢ we obtain

(12)

VO(i,t) x,+®(x.t)=0. (13)
Note that for the zero level, the following relation
holds:
Vo
v
In this equation, the left-hand side uses terms of the

surface @, while the right-hand side is related to the
curve €. The combination of equations (10)—(14) gives

=N. (14)

O, =—p|Vo| (15)
and the curve €, evolving according to equation (10), is
obtained by the zero level set of the function @, which
evolves according to equation (15) (see Fig. 6).

The implementation of the evolution of @ is based
on a monotone and conservative numerical algorithm,
derived from hyperbolic conservation laws (see Ap-
pendix and for details see reference (11)). For a large
class of functions f, this numerical scheme automatically
obeys the entropy condition, i.e. the condition derived
from the Hiiygens principle.‘*®-2? (In what follows, we
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{X(s,tZ),y(s,tZ)} ‘x(s.tl),y(s,tl)}

X

Fig. 6. Embedding the curve in a higher dimensional func-
tion solves automatically a number of topological problems.
The evolving curve is obtained as a level set of the evolving
surface, which remains continuous (and connected) even when
topological changes as the one in Fig. 5(b) occur.

refer only to weak solutions for which the entropy con-
dition holds.)

As was reported elsewhere (see for example refer-
ence (22)), the weak solution €(p, t) of the evolution

% =N

simulates the grassfire flow and gives the dilated version
of the curve (or shape) €(p), where the structuring
element is a disk of radius t. This solution can be easily
obtained by implementing the mentioned numerical
algorithm. The scale-space evolution equations are
presented below for set dilations with general convex
structuring elements.

Let the binary, convex, structuring element B
be given by a curve 2 in R? (4 is the boundary of the
set B). Each point in # is represented by r'(0), where 0 e
[0,2x], 7 eR* Morphological dilation can be inter-
preted as a generalization of the Hiiygens principle:
each point in the curve is the source of a new local
wave, whose shape is given by the structuring element.
The new wavefront is obtained (as in the classical
Hiiygens principle), by the envelope of the local waves
{see Figs 7(a) and (b)). The velocity of each point in the
curve is given by the maximal projection of the struc-
turing element boundary on the normal direction

f= s%p{?(())ﬁ}. (16)
This can be explained as follows: each point p in the
curve %(p.t) moves, due to the Hiiygens principle,
toward the boundary # of the structuring element B
centered at the point p. This motion generates an
infinite set of possible velocity vectors, one for each
point in . Those velocity vectors can be decomposed
into normal and tangential components. Since the
tangential component does not affect the behavior of
the evolving curve, the effective velocity is obtained
from its normal component. The maximal normal
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(c)

Fig. 7. The geometry of dilation by curve evolution. (a) The
classical Hiiygens principle. (b) Generalization of the Hiiygens
principle for a square—each point in the curve is the source
of a “square” local wave, and the new wavefront is obtained
via the envelope of the local waves. (c) Evolution velocity for
a square—the velocity of the point is given by the maximal
normal component of the infinite set of possible velocities.

component then gives the local propagation velocity

(Fig. 7(c)).
From equations (10) and (16), we obtain the following
evolution for a general convex structuring element:

a6
t

(17

=sup{F N}N.
8

D

The weak solution 4(p, t) of equation (17), holding the
entropy condition, gives the dilation of the initial curve
€o(p) (or of the shape it defines), by the structuring
element tB. Observe that from equations (15), (16), and
relation (14), we obtain the surface evolution equation:

O, = — sup {7 -VO}. (18
)
Let us now consider examples for different structuring

elements. Define u & @, and v £l ®,. Simple geometric
computations yield the following results:

sup{7-V®} = |[VO| if B=disk
[}

sup { 7-VO®} = max {jul,jv|}  if B=diamond
o

sup {7 VO} =ju| + |t if B =square.
]

(19)
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As mentioned above, the equation for a disk was
previously reported elsewhere.(!2-22:26)

If the structuring element B is symmetric with respect
to both coordinate axes, the weak solution of equation
(17) is obtained by solving equation (18) with the men-
tioned numerical scheme (see Appendix). For non-sym-
metric elements, different related numerical schemes
must be implemented.?®

(a)

\

(b)

N

(¢)
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We conclude in proposing the following algorithm
for set morphological dilation of X eR? with the con-
vex symmetric element B:

1. Define a smooth and Lipschitz continuous initial
function ®,:R? > R, such that its zero level set gives
the boundary %, of the initial set X.

2
W4

(d)

(e)

(f)

Fig. 8. Examples of morphological operations via the algorithm described in Section 2. The gray curve
represents the original shape. The figure frame contains 128 x 128 pixels. The curves, which are zero level
sets of the function @, are represented using a simple contour finding algorithm described in reference (28).
(a) Dilation scale-space of a point with a circular structuring element (disk). The result is a very good
approximation of a circle at ail scales, in contrast with what is obtained via discrete morphology, using a
discrete disk. (b) Dilation scale-space of a point with a diamond. Note that the algorithm automatically
solves boundary problems. (c) Dilation scale-space of a curve (Mickey) with a disk. The initial curve is not
connected, and it becomes connected after certain radius. The proposed algorithm solves this problem
automatically. (d) Erosion scale-space of Mickey with a disk. (e) Dilation scale-space of Mickey with a
diamond. (f) Erosion scale-space of Mickey with a diamond. (g) Erosion-dilation (opening) of Mickey with
a disk. (h) Opening of a polygon with a disk.
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(g)
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e

(h)

Fig. 8. (Continued.)

2. Compute sup { - V®} for the given structuring
]

element B.

3. Propagate the surface according to equation (18)
by means of the numerical scheme described in refer-
ence (11) (see equation (A3) in the Appendix).

4. Ateach time ¢, the zero level set of @ gives J,5(X),
the boundary of the dilated version of X with the
structuring element tB.

Figure 8 shows a number of morphological operations
with different convex structuring elements.
Note that:

1. Erosions are obtained by taking N pointing inward,
i.e. changing the sign in equation (18).

2. The results presented here for planar curves,
representing sets in R%, can be extended to surfaces
in higher dimensions, in order to operate on higher di-
mensional sets.

3. The reaction-diffusion scale-space studied by
Kimia et al. 2223 is based on dilations with disks. Using
the evolution equations discussed here, this scale-space
can be generalized for general convex structuring el-
ements.

3. SET MORPHOLOGY VIA MIXED MORPHOLOGY
EVOLUTION EQUATIONS

We describe now another approach for the computer
implementation of set morphology. The relation be-
tween this approach, and that presented in Section 2,
is discussed in Section 4.

In reference (13), Brockett and Maragos introduced
a new approach to the scale-space of mixed and function
continuous morphology. Their motivation is based on
a feature of the image scale-space created by convolving
the image with a Gaussian kernel (with variance as
scale parameter). This scale-space can be described as
a result of solving a partial differential equation (PDE)
(diffusion in this case), with the original image as initial
condition. Brockett and Maragos argue that it is pos-

sible to also describe the mixed (and function) mor-
phological scale-space as a result of a PDE. Convolu-
tion is a linear operator, therefore the corrresponding
PDE is linear. Morphological operators, on the other
hand, are nonlinear. Therefore, it is not surprising
that the PDEs describing the morphological scale-space
are nonlinear as well. We now present the equations
describing mixed morphology. For details and exten-
sions to function morphology, see reference (13).
Brockett and Maragos derive the following differen-

tial equation for the case when the structuring element
B is a sphere of radius r in R¥:

5= iy P TS v e =1

ot r—0 r
They further show that in RZ, if the structuring element

Bis a disk, a diamond, or a square, this equation yields
the following first-order PDEs, respectively

~ 85,512 105,5]2
aém(f)(x)=/< 8 +‘ 2 ) B = disk
ot 0x oy
. 35,5] 189,
ié,s(f)(x) =max{|=2], |2 } B = diamond
ot ax | | dy
d~ 5, 89,
—0 o e P -
> s(f)(x) ’ax ‘é’y B =square.
(20)

Those PDEs are well defined whenever 3,5(f) is dif-
ferentiable. When this is not the case, alternative dev-
elopment rules should be formulated. Those rules are
formulated via the morphological derivative M

0= -

&&s(f) = M(6,5(f)). 21
The derivation of M is done through morphological
considerations. In the one-dimensional case the mor-

phological terminology can be transformed to the fol-
lowing expression:

M(f)(x)=max {D*(f), —D"(/),0}
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where D* (f)and D~ (f)are the forward and backward
derivatives of f. Note that if f is differentiable then
D*(f)=D"(f)=(d/0x)f and M =|(5/0x)f). A straight-
forward discretization of the above continuous formu-
lation results in an approach for implementing mixed
mathematical morphology on digital computers.

Set morphology can be derived from mixed mor-
phology. Thereby it can also be obtained from the evol-
ution equations described above. It can be shown®*
that the following relation holds:

86(To(f)) = To(d6(S)) (22)

where T,(-) is the threshold function defined by (7).
Note that in equation (22), the dilation of the right-
hand side is a mixed operator whereas the operator of
the left-hand side is a set dilation.

We conclude, that if we had a good method of im-
plementing mixed morphology, there would be a good
way to implement set morphology as well. This yields
the following idea: first, create any function f*, such
that its zero level set determines the initial set X

X =To(f*). 23)

Then, perform a mixed morphological dilation on f*,
and threshold the resulting function to obtain its zero
level set. This zero level set, is the result of applying
the corresponding morphological dilation on X:

86(X) = To(3s(f*)). (24)

The proposed way to implement the mixed morphol-
ogical operator in equation (24) is obtained by subse-
quent discretization of equation (21).

4. COMPARISONS, DISCUSSION, AND CONCLUSIONS

In this work, a new approach for computer imple-
mentation of mathematical morphology was discussed.
The approach is based on discretization of non-linear
evolution equations associated with multiscale con-
tinuous mathematical morphology, i.e. continuous
mathematical morphology is presented as a dynamic
process, and discrete mathematical morphology is de-
fined as the result of the numerical implementation of
this process.

The evolution equations were previously presented,
based on a completely different approach, by Brockett
and Maragos''® for general convex elements, and by
other authors!?2-23:28) for circular structuring elements.
The works in references (22,23,26) are based on the
theory of curve evolution and numerical algorithms
for surface evolution.

We first showed how to derive, from the theory of
curve evolution, the corresponding evolution equations
for set dilation (and any other morphological operator)
with any convex structuring element tB. The evolving
curve ¥(t) is the boundary of the set being dilated. This
“dilation via curve evolution” approach is very intuitive,
and is derived from a generalization of the Hiiygens
principle for any convex structuring element. In order

G. SAPIRO et al.

to solve topological problems in the curve evolution
implementation, %(t) is embedded in a higher dimen-
sional evolving function ®(t). This embedding is per-
formed in such a way that %(t) is obtained from the
zero level set of ®(t) (see equations (11) and (18)).

We also showed how to obtain set morphology
operators from the mixed morphology PDE presented
in reference (13). This algorithm is also based on defin-
ing an arbitrary function f* (see equation (23)) which
has the set as its zero level set, performing mixed
morphological dilation on it, and looking at the zero
level set (equation (24)).

Note that the evolution equations, derived in dif-
ferent ways, are identical. Specifically, evolution equa-
tions (18) and (19), derived from the theory of curve
evolution for set dilation, are identical to equation (20),
presented in reference (13) for mixed morphology. There-
fore, choosing ®(x, y,0)=1*(x,y,0), the propagated
surfaces will be the same, i.e. ®(x, y,t) = f*(x, y,¢t). Then,
the curve evolution approach presented here for set
morphology, gives automatically mixed morphology
as well: O(x, y,t) is the result of dilating ®,(x, y) with
the structuring element ¢ B (see also reference (30)).

The discretization of the evolution equations gives
a new method for implementing (and defining) scale-
space mathematical morphology in digital computers.
The numerical approach, presented by Sethian and
Osher! 12 for curve evolution, was demonstrated to
be very accurate for the implementation of the derived
evolution equations. Error analysis can be found in
reference (11).

The algorithm complexity is O(N2(r,/At)), where N
is the picture size, r, the radius of the structuring
element, and At the time step (see Appendix). Of course,
for the same “price”, the morphological operations for
all radii r < ry are obtained, i.e. the whole scale-space
is obtained in O(N?(ro/At)) time. The algorithm can
be parallelized, reducing the complexity to O(ry/At). A
different way of reducing the algorithm complexity is
by performing the numerical evolution only at the
neighborhood of the set boundary, i.e. just on the curve
or zero level set. This makes the algorithm linear
instead of quadratic. Therefore, we see that the algorithm
is more time consuming than classical discrete mor-
phology. On the other hand, in contrast with discrete
morphology, the results obtained “look”™ like conti-
nuous morphology, making it very attractive.

The proposed method attempts to solve one of the
most difficult problems in digital morphology: the di-
gital implementation of a morphological scale-space
with smooth convex structuring element. From the
examples presented (see Fig. 8), we see that with this
approach, we obtain a digital implementation of mathe-
matical morphology which agrees with the intuition
provided by continuous morphology. Note that in
contrast with discrete morphological dilation, based
on small template approximation of a circle, prolonged
time dilations provided by the proposed algorithms,
accurately approximate a disk. Furthermore, with the
proposed algorithm, sub-pixel approximations of mor-
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phological operations are obtained. Classical discrete
morphology cannot achieve such accuracy.

We conclude that the discretization of continuous
morphology presented here, approximates continuous
morphology much better than the classical discrete
morphology. This result can be applied to the areas
where continuous morphology achieves good results.
These include sub-pixel distance computation, shape
offsetting, skeleton computation, CAD,*"’ and geom-
etric smoothing (see Fig. 8). These and other appli-
cations are currently being implemented.
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APPENDIX

We now describe the numerical implementation of equa-
tion (15). For simplicity, we consider the one-dimensional
case, and assume that = — 1. For more details, extensions
to higher dimensions, and other functions f3, see references
(11,12,29).

The one-dimensional version of equation (15)is (f = —1)

@, = VO =/(®3). (AD)

Define u 2 ®, and H(u) A J/(u?). By differentiation of the
above equation with respect to x, we obtain the following
hyperbolic conservation law:!!-27:29

u,+ [Hu)], =0 (A2)

To devise a numerical scheme, define u} £ u(idx,nAt). A
three-point conservative and monotone, differential scheme
is built for u?, holding (A2)."" !’ It can be proven that a scheme
of this kind, obeys the entropy condition.?®

From the scheme for u, the one for @ is obtained by inte-
gration.! 12 If H(u) = h(u?), a simple numerical flow of (A1)
is given by the following equations:

gl uts 1) 2 RL(min {u},0})* + (max{ul, ,.0})*]
tb;‘“ =7 +At-g(D'CI)§',D*<b§‘)

where D (®)=(d" - ®%_,)/Ax and D (D) =
(D7, — @})/Ax.

This is a so-called first-order scheme. More sophisticated
higher order schemes, as well as accuracy and stability analysis,
are presented in reference (11). The above scheme is easily
extended to more than one dimension, and to different func-
tions H(u,v) as those in equation (19). For example, for
H(u,v) = h(u?, v*) (u =D, v = ®,) we obtain

g = h{(min (D] (®};),0))*> + (max (D} (®};).0))*
(min (D, (®F;),0))* + (max (D, (D};),0))7)
O =0+ At-g(D] (D]), D] (D)),

D (@), D (D). (A3)
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Note that the discretization of the evolution equations is  this discretization method natural for image processing. As
performed on a rectangular grid."» This rectangular grid  pointed out in Section 4, this method also allows sub-pixel
can be associated with the pixel grid of digital images, making  approximation.
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