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A versatile, systematic, and efficient line-fitting algorithm is presented, accommo-
dating (1) errorsin both coordinates (‘errors in the variables’), (2) correlation between
the noise in the two coordinates (i.e., equal noise density ellipses that are not aligned
with the coordinate axes), (3) heteroscedastic noise (different noise covariance ma-
trices for different data points), and (4) outliers (achieving robustness by using finite
support influence functions). The starting point for the analysis is the assumption of
additive, zero mean, Gaussian measurement noise with point-dependent covariance
matrix with crossterms. A maximume-likelihood approach is taken. The handling of
outliers is inspired by robust M-estimation. Line fitting is viewed as a global opti-
mization problem. It is shown that even in the rather general setup considered here,
the objective function has a special structure in the normal parameters space, that
allows efficient systematic computation. The suggested algorithm can be extended
to deal with “repulsive” data points (from which the line should keep a distance) and
with simultaneous fitting of several lines to the same data s&tooo Academic Press
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1. INTRODUCTION
Consider the problem of fitting a straight lihéo a planar set of points
S={(x.,¥).i=1...,M}.

In the simplest formulation of the problem, which is common in practically all the exper-
imental sciences, it is assumed that ¥is are error-free, while thg,’s are contaminated
with additive randomi.i.d. Gaussian noise with zero mean and varifﬁuteis well known
(and easy to show) that maximum likelihood (ML) estimation of the line parameters lead
in this case to the classical method of least squares (LS), i.e., to the minimization proble

M
I'=argmind (¥ —%)’.
i=1

subject to the constraint that the “adjusted” poif(t& = x, Yj)|i = 1,..., M} are on
the linel. This problem has a well-known closed-form analytic solution.

In the ‘errors in the variables’ formulation of the line-fitting problem, it is no longer
assumed that thg's are error-free. Generally, the ‘errors in the variables’ problem does
not admit an analytic solution. Suppose, however, that the noise kyttie also identically
distributed Gaussian with zero mean and variante= oyz, and that for any giver; it is
independent of the noise in the otheis and is also independent of the noiseyjn ML
estimation of the line parameters leads, in this case, to the method of total least squa
(TLS), i.e., to minimizing the sum of squared distances between the noisy data points a
the fitted line, measured in the direction perpendicular to the line. The TLS line fittin
admits an analytic solution. By scaling the coordinate system axes, the analytic solutic
can be extended to the caseogf+ o).

In many applications, the assumptions behind the LS and TLS methods are acceptatl
Suppose, however, that the variance of the noise is not identical for all the data points. Tt
is known as the heteroscedastic case. Furthermore, assume that the roiseamrelated
to the noise iny;. The latter situation leads to constant noise density ellipses that are nc
aligned with the coordinate system axes. Generally, there is no analytic solution for tt
cases of heteroscedastic and/or correlated noise.

Line-fitting problems with heteroscedastic and correlated noise are quite common. Whe
ever the points in the data set are obtained by fusion of several sensors, each the sol
of some of the points, the noise is generally heteroscedastic since each sensor has
ferent noise characteristics. If, in addition, the fusion process involves coordinate syste
transformations, in particular rotation, the noise in ¥hendy coordinates will be corre-
lated. Heteroscedastic regression problems in computer vision are studied in [13]. Efficie
solutions to problems of this type are in high demand.

Line fitting based on ML estimation of the line parameters, in particular the LS and TLS
methods, fails when the data set contains outliers that do not satisfy the assumed statist
noise model. Several approaches to robust regression, with various statistical properti
have been suggested; see, e.g., [1, 5, 12, 14, 20]. In early studies, the computational cos
robust regression received little attention. Later, significant efforts were aimed at developil
computationally efficient robust regression methods; see, e.g., [3, 15].

The Hough transform [7, 11] is an effective way to fit a line to data points in the presenc
of (possibly many) outliers. In its standard form [2], each data point is transformed to
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sinusoidal voting pattern in an accumulator array that represents the normal paramet
plane. The Hough transform will fail if errors in the position of the genuine (nonoutlier)
points are present, since the sinusoids in the parameter plane will not intersect, as require
a point. The resulting spreading of “votes” implies that if the errors are large, the maximur
in the accumulator array will no longer correspond to the parameters of the true line.

Shapiro [17] and Thrift and Dunn [19] extended the Hough transform to deal with er
rors in the position of the genuine data points. See also Priatah [16]. Kiryati and
Bruckstein [8, 9] showed that the Hough transform can be tuned to perform M-estimatio
to accommodate repulsive data points, and to allow for heteroscedastic noise, but only
the noise is not correlated, i.e., only if the main axes of the equal noise density ellipses «
parallel to the coordinate system axes.

In this paper we present an efficient method for robust line fitting in the heteroscedas
‘errors in the variables’ problem, with correlated noise. It is assumed that the covarian
matrix associated with each data point is known. The method suggested is easy to imf
ment and fast to compute and provides a systematic solution to this important practic
problem. The organization of the paper is as follows. In Section 2 the problem is define
and formulated as a global optimization problem and the general approach to solving
is outlined. In Section 3 it is shown that the objective function can be simplified and ha
a special structure. It is further shown that this special structure leads to an elegant, e
cient computational solution. Experimental results are presented in Section 4. In Sectior
an alternative definition of the problem is considered and limitations of the method ai
discussed.

2. PROBLEM STATEMENT

LetS={(Xi, Yi)|i =1,..., M} be an unknown set of collinear points in the plane, but
suppose that measurements of the coordinates of the points are availadlgs, yi) |1 =
1,..., M}. Due to noises# S. The measurement noise is assumed to be additive anc
independent between points. Its probability density is modeled as a 2-D Gaussian with ze
mean and a point-specific covariance matrix,

1 — i
PG, ¥ 1 X0, i) = ——— exp(—A[ Z71A /2), @
21|35 |2

where
Ai= (A, Ay) = (X6 =%, Y =),

Y, is the covariance matrix

2
Oxy Oy

and|X| is the determinant of the covariance matrix,

= 5242 2
13| = oy 0y — oy,

This is, due to the dependence of the covariance matrix arheteroscedastic Gaussian
noise model, with correlated noise.
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The line-fitting task may therefore be regarded as finding the maximum likelihood est
mator for the set of collinear poin& This can be expressed as

S=argmaxp(s| S}, @)

whereS* is the set of all collinear sets &l points in the plane. The independence of the
noise between points leads to

M
S=argmax] [ pl(x. %) | (Xi. Y] (3)
i=1

The logarithm function is monotonic, so

M
S=argmaxy _ log p[(xi. yi) | (Xi. Y)I. )
i=1

Substituting Eq. (1) and discarding constants that are irrelevant for the minimization w
obtain

M
S= argsrenéknz A/STA (5)
i—1

The points inS are collinear; thus all the points{(, Y;) € S must lie on a lind in the
plane. Given a lin¢, the fitting of the individual points can be carried out independently.
Let C; quantify the fitting error between the data poirt, (i) € s and the matched point
(Xi, Yi)el,
() = in ATS-1A

Ci() = (Xrir%r)\EI A STA. (6)
Letl* be the set of straight lines in the plane. The line-fitting problem is now that of finding
the linel that leads to the smallest total fitting cost:

M
[ =arg minC(1) = arg lrgln; Ci). 7

Note that the TLS method is a special case wherer? = o =o? andoyy =0. The LS
method is the limiting case in whigti o = o2, oxy =0, ands = 0 (singular covariance
matrix).

We have so far assumed that there are no outliers in the set of data gointthe
presence of outliers, the above formulation of the line-fitting problem is inadequate. Sinc
the contributiorC; of any data point to the total cost is unbounded, even a single outlier cal
throw the fitted lind arbitrarily far from its true position. To alleviate the problem, a robust
approach similar to M-estimation can be taken, limiting the contribution of each point tc
the total cost. FormallyC;, is replaced by (C;i), wherep(-) is some saturation function
such as

o(Ci) = min{C;, a’}. (8)
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If a descent-type optimization technique were to be used, a smoother differentiable saturat
functiong(-) would be preferable.

The algebraic form of the constrairX{, Y;) €1, i.e., that the matched pointis on the line,
depends on the parameterization chosen for straight lines. The slope—intercept paramet
zation is common, but has several drawbacks, primarily the singularity of vertical lines. W
use the normal parameterizatign @), which is generally well behaved and has the advan-
tage that all lines passing through a bounded domain ixHyeplane are represented by
normal parameters that belong to a bounded domain ipthg@arameter plane. Robustline
fitting with heteroscedastic correlated noise is thus the solution of the optimization proble

M
argminC(p, ) = arg min Ci(p,0)], 9
gminC(p. 6) gw);m i(p, 0)] )
where
. A T—~—1 A~
Ci(p.0) = (>r<T.],|\r(.])Ai IR (10)

and the minimization in Eq. (10) is subject to the constraint that the “adjusted pXintY;()
is on the line defined by (p,)i.e., that its coordinates satisfy

p=Xicosd+Yising i=1,...,M. (1))

As discussed above, least squares (LS) and total least squares (TLS) line fitting ad
analytic solutions. The correlated heteroscedastic line-fitting problem without outliers, i.€
where we can simply uggC; ) = C;, does not generally admit an analytic solution. However,
in this case the objective functi@yp, 6) can be sufficiently well behaved to allow solution
by a descent-type algorithm. When outliers have to be accounted far ftmetion has to
be a saturation function (as in Eqg. (8)). The robust, correlated heteroscedastic line-fitti
problem, as defined by Egs. (9)—(11), is generally a global optimization problem, often wi
many local minima. Then, descent-type optimization techniques usually fail unless a ve
good starting pointis provided. Such good initial approximations are normally not available

It is well known that the general global optimization problem, i.e., that of finding the
global minimum of a general function above a continuous bounded domain, cannot |
solved by a finite number of function evaluations. However, if the objective function is
not too badly behaved, in particular if its variations are small within small neighborhood:
various global optimization approaches can yield good results [21].

In this paper an algorithm to solve the robust line-fitting problem with correlated het
eroscedastic noise is developed. The general approach is coarse-to-fine grid search
principle, a rectangular grid is placed in the domain of the objective function. The objectiv
function is evaluated at all the grid points. Finer local grids are then positioned around si
nificant minima locations. The process continues until the required precision is obtaine
In the context of the standard Hough transform, coarse-to-fine search has been sugge
in [6].

The viability of this approach depends on two issues. One is the level of certainty that tt
coarse-to-fine grid search converges to the true global minimum of the objective functio
i.e., to the best line. Convergence analysis of coarse-to-fine grid search in a similar rob
line-fitting problem has been studied in [18]. The other issue is computational. In particule
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ifithad been necessary to compute the objective function from scratch at every grid point, tl
overall computational cost would have been rather high. We show that efficient systema
evaluation of the objective function on a rectangular grid is possible, leading to rapid robu
line fitting.

In a previous paper [9] we studied a special degenerate case of the line-fitting problel
There itwas assumed that the correlation tesggsin the covariance matricés; in Eq. (10)
are all zero. In this paper an efficient systematic way to solve the general problem, wi
correlated noise, as defined by Eqgs. (9)—(11) is presented and demonstrated.

3. EFFICIENT COMPUTATION ON A GRID

Consider a single term
Ci(p.6) = min AlS*A (12)

where the minimization is subject to the constraint (11). Inverting the covariance matri
and performing the vector—-matrix multiplications, we obtain

1 2 2 2 2
Ci(p,0) = (><.Y.>|EI( C+ A 07 — 204 Ayoyy). (13)

In order to carry out the minimization subject to (11), we define the Lagrangian

1
=5 (AfoF 4+ ALo? — 2A Ayoxy ) + A(p — X cosO — Y; sing)  (14)
and require thad®; /04 =0, 9®; /0 X; =0, andd®; /9Y; = 0. The first requirement yields
the constraint (11). The second and third requirements lead to

AX

Ay afi — Ay oy = % cosp (15)
M|

AM0X| - AX\O‘XM - %Slne (16)

Equations (15) and (16) can be solved fof = X; — x; andAy, =Y, — y;. We obtain

Ay, = = (02 cosd + oyy SinG) 17)

NI >

Ay, = = (02 sing + oyy cOSY). (18)

NI >

Now, Eqg. (13) can be rewritten as

1 1
= Ax - (Axof — Ayoxy) + Ay - (Ayof — Agowy) |- (19)

Ci 0
(0.0 = 0 s Bl

By substituting Egs. (15) and (16) it is seen that

Ci(p,0) = (Ax, cost + Ay, sind) (20)
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subject to (11). Substituting (11) in Eq. (20), we obtain
A .
Ci(p,0) = E(p — Xj COSH — Yy, sing). (22)
Define
0i (6) = X cosh + y; sind
and
ri(p.0) = p — pi(0).
We can now write
A A
Ci(p.8) = Slp = p @] = 5 rip. 6). (22)
Note thatp; (9) is the sinusoid that corresponds to the data pointy) in the Duda and
Hart formulation of the Hough transform [2] and thai{p, 0)| is the distance between the

data pointX;, y;) and the line parameterized by (o), [8].
It is also possible to substitute Egs. (17) and (18) into Eq. (20). We get

)\’2
Ci(p.0) = - ui(0). (23)

where
v (0) = 67 €OS 0 + o SIF 6 + 20y, SiNG COSH.

By comparing the expressions fGr(p, 0) in Egs. (22) and (23), we obtain that

A rip.0)
2 ()
so finally
r?(p, 6) (0 — X cost — y; sind)?
Ci(p,6) = - = . 24
(0. 0) vi (9) og cog6 +of si? 0 + 20y, Sin6 cosd (24)

Using this result, robust line-fitting with heteroscedastic correlated noise, as defined |
Egs. (9)—(11), takes the simpler form

M

. — Xj COSH — Y Sing)?
argmin (p =% : yi )_ . (25)
(00) ="~ | 02 COF 6 + 6 SIN’ 6 + 20xy SING COSH
We proceed to show that coarse-to-fine grid search is a very efficient computational appros
to solving this global minimization problem, assuming that the covariance matrix associat
with each data point is known.
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Without loss of generality, assume that all data poii(s, y;)} lie within a circle of
radiusR centered at the origin of the-y plane. In practice, it is advisable to minimige
by translating the coordinate system origin to, sayy, where

X = (miinxi +miaxxi)/2
y= (rr}inyi +miaxyi>/2.

Since all the data points lie within the circle, the fitted line must pass through the circle
Therefore, the line can be represented by normal parameie6y that are within the
rectangular parameter space domain

AQ ={(p,0): —-R<p<R,0<06 <mn)

in the p—6 plane. A rectangular grid with, x Ny grid points is placed in this domain, and
each grid point is represented by an accumulator in an accumulator array.

Naive brute-force evaluation of the objective function on all the grid points according t
Egs. (9)-(11) is computationally expensive. However, as expressed by Eq. (25), the object
function has a special structure that can be used to dramatically reduce the computing tir
The general form of a fast algorithm, guided by Eqg. (25), to com@te 6) on arectangular
set of grid points is as follows.

Store a discrete approximation of the
function r? in a vector Do
Reset the accumulator array
For each data point (X, Vi)
For each discrete value 6] of 0
Let D; be Dg shifted by pi(6;)
Let Dy be Di/V;(6)
Let D3 be D, clipped by a? (Eq. 8)
Add D3 to the 6 column of AQ
Next 6
Next data point

The operations in the inner loop are very simple. Thus, while the time needed for con
puting C(p, 0) is asymptotically proportional t& - N, - N,, the proportionality constant
is very small. Furthermore, the time critical operations (division and clipping) involve a
vector and a scalar, hence any type of pipelining or parallel hardware can be fully utilize
to obtain maximal speedup.

The next step is to find the minimum®, 6] (or a few significant minima) in the
accumulator array. These parameters are a discrete approximation of the parameters of
best line that can be fitted to the data®], 6] can be used as an excellent starting point
for a descent-type line-fitting algorithm. Alternatively, a fine rectangular grid can be place
in a small domainA® centered at4©, 6©)]. The objective function can be efficiently
calculated in higher resolution ia®, its minimum p®, #M] can be found by search and
so on until convergence is achieved.
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4. EXAMPLES

The suggested algorithm for heteroscedastic robust line-fitting with correlated errors
the variables has been implemented. The input is a list of data points, each representec
a record that includes the following items:

The coordinates of the data poimt (v;).

The standard deviatiorg, andoy, of the errors in thex andy coordinates.

The correlation corr= oyy, /oy, oy, between the errors in theandy coordinates.
The upper bound? on the fitting cost (saturation level), see Eq. (8).

The output is the equation of the line fitted to the data.

The coordinates of the data points in the four parts of Fig. 1 are the same, but the stand
deviations, the correlation and the saturation levels differ. In the top-left part, line-fittin
according to the conventional least-squares criterion, with errors in¢herdinate only, is

y y
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FIG.1. (Top-left) Least-squares line fitting with errors in thealues only. The fitted line is horizontal. (Top-
right) Total least squares (TLS) line fitting, as a special case of the suggested algorithm. (Bottom-left) Robt
TLS. A data point has no influence beyond the circular contour. (Bottom-right) The standard Hough transform
obtained as a special case by setting the saturation level to a small value.
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implemented using the suggested algorithm. This correspongs+d0, oy, =0, corf =0

anda? — oo (high saturation level, no clipping) for all points. The horizontal line fitted

demonstrates that the conventional least-squares criterion is not suitable for the given d
set. In the top-right part, for all pointsy, = o, =0, cor; =0, anda? — oco. The algorithm

in this case finds the total least squares (TLS) line. The damaging effect of the outlier
apparent. Robust line-fitting is made possible in the bottom-left part by seftiag? for

all points (o, =0y, =0.1, corf =0). The circular contour around each data point shows
the locus of pointsX;, Y;) for which

RV B _1<X—Xi)_ >
1y y| O'Xyl U&I Y—y| _ai'

This means that the fitting cost is clampeafmutside the circle, eliminating the damaging
effect of the outliers. The bottom-right part of the figure shows that, by redagitmsome
small value (0.1) for all points, any point that is not exactly on the line is regarded as a
outlier and the algorithm degenerates to the standard Hough Transform [2]. Note that in
parts of Fig. (1) there is no correlation between the errors ixtiedy directions.

Robust line-fitting with correlated heteroscedastic noise is demonstrated in Fig. 2. Tt
coordinates of the data points in both parts of Fig. 2 are the same and the standard deviati
and saturation level for all the points are equs|:= oy, =0.1, 8?=2. The correlation
values differ, however. In the left part, the points in the larger collinear group are all witt
cor; = —0.7, the points in the smaller collinear group are with cefr0.9, and the noise in
the remaining outlier is uncorrelated: gog 0. The elliptical (or circular) contour around
each point again represents the influence region of that point, as explained above. In
right part of the figure, the noise correlation for the points in the large collinear group i
taken ast0.7. The effect on the fitted line is apparent.

In the top-left part of Fig. 3, for all pointsi, = oy, =0.1, corf =0, anda? =0.1. This
leads to line fitting as in the standard Hough transform. In the top-right partafvt®.0 for

-1 -1

FIG. 2. Robust heteroscedastic line fitting with correlated noise. The differences in the records of the da
points in these examples are only in the correlation values. (Left) The points in the smaller collinear group a
regarded as outliers. (Right) The points in both collinear groups exert influence on the fitted line.
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-1 -1

FIG. 3. (Top-left) Tuning the algorithm to compute the standard Hough transform. (Top-right) Robust TLS
line-fitting. (Bottom-left) Robust heteroscedastic line fitting, without correlation. All points contribute to the fitted

line, i.e., the saturation level is not reached in any point. (Bottom-right) Robust line fitting with heteroscedast
correlated noise.

all points, robust TLS line fitting is obtained. In the bottom-left part, for all posts=0.1,

corr, =0 andai2 = 1.0. Here, howeveiy, varies between the points. Observe that all the

data points have influence on the fitted line in this case. Finally, in the bottom-right part, tt
standard deviations and the correlation values vary between the points. The saturation le
is equal for all pointsa? = 2.0, so the elliptical contour around each point, that represents
the influence boundary, also illustrates the standard deviation and correlation.

Consider the gray-level image shown in Fig. 4. The top-left part of Fig. 5 is the corre
sponding edge image, with about 5000 edge points. The line fitted to this data set depel
on the assumed standard deviations, correlations and saturation levels. The top-right |
of Fig. 5 is obtained witloy, =0y, =0.01, corr=0 andaf:0.0l for all points. As can
be seen, due to the small errors assumed, the line is fitted to the smooth edge of the s
When the standard deviations and saturation levels are incregsedsy, = 0.05, corr =0
anda? = 0.05 for all points, the line is fitted to the jagged edge of the saw, as seen in th
bottom-left part of the figure. In the bottom-right part of Fig. 5, the saturation latel
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FIG. 4. A gray-level image.

associated with each edge point is made individually proportional to the absolute value
the sine of the gradient direction angle (provided by the edge detector). This has the efft
of attenuating vertical and near-vertical edges, and, as seen, leads the algorithm to fit
line to the horizontal edge.

FIG. 5. (Top-left) An edge image obtained from the gray-level image shown in Fig. 4. (Top-right) With
oy =0y =0.01, corr=0, anda? = 0.01 for all points, the line is fitted to the smooth edge of the saw. (Bottom-
left) When larger errors are admitted, the longer (but jagged) edge is selected. (Bottom-right) By individuall
setting the saturation level associated with each point to be proportional to the absolute value of the sine of 1
gradient direction angle, the algorithm is made biased towards horizontal edges.
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5. DISCUSSION

In this paper, we presented an efficient method for robust line-fitting in the heteroscedas
‘errors in the variables’ problem, with correlated noise, based on the problem stateme
presented in Section 2. Suppose that the line fitting task were redefined as finding t
maximum likelihood estimator for the lineon which the set of pointSlies, i.e.,

[ = arg maxpis | Sel}. (26)

This is different from the definition in Eq. (2), since here all the possible positions of eac
point (X;, Y;) on the linel, rather than only the best one, are taken into account. From the
independence of the noise between points and the monotonicity of the logarithm functi
it follows that

M
['=argmax) _ log p[(x;. y1) | (Xi. ¥i) € 1]. 27)

i=1

Letl(t) = [X(t), Y(t)] denote the arc-length parameterization of the lind/e get

pl(xi, yi) [ (Xi, Yi) el] =/_ p{(xi. i) | [X(1), Y(O)]} dt. (28)

It is now recognized thap[(x;, Vi) | (Xi,Y;) € 1]is equal toR{p[(Xi, Vi) | (X, Y)]}, the
Radon transform of the noise probability density with respect to the spatial variélsied

Y, wherep[(xi, vi) | (X, Y)]is as defined by Eq. (1). Using the normal parameterization of
the linel, it can also be expressed as

pl(xi, i) | (Xi, Yi) € 1] = R{p[(xi, yi) | (X, Y)](p,0)}
= //5(p — Xcost —Ysind)p{(x,vi) | (X, Y)}dXdY (29)

Using the rotation property of the Radon transform and additional algebraic steps, it c:
be shown that the line fitting problem, as defined by Eq. (26), is reduced to

M
argmin® _ Ci(p. ), (30)
=1

whereC;(p, 0) is exactly as given in EqQ. (24). We conclude that this alternative formulation
of the problem (Eqg. 26) is equivalent to the one followed in the body of this paper (Eq. (2)

Awareness of the following limitations of the suggested technique provides importar
insights and directions for future research.

e The line-fitting method presented here is suitable for planar data sets. Computationa
efficient extensions to higher dimensions require further investigation [13].

e It is necessary to provide the noise covariance matrix and the saturation Igyel (a
associated with each data point. If these are not available, the algorithm should be appl
as a computational mechanism within a larger statistical estimation framework.
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e The analysis is based on a (2-D heteroscedastic) Gaussian noise model for the inlie
The algorithm can be expected to provide useful (though not optimal) results in many oth
cases. Generally, extensions to non-Gaussian inlier noise models need to be developec

e The method is based on solving a global optimization problem by coarse-to-fine gri
search. Convergence is based on the well-behavedness of the objective function. Theoret
convergence properties in a related case were studied in [18]. Extension of their results
necessary.

The algorithm presented in this paper can be easily generalized to deal with “repulsive
data points, i.e., points from which the line should keep a distance [8]. Fitting several line
to the same data set can be accomplished using straightforward extensions of known Hol
transform practices, e.g., [4, 10]. Beyond its applications in image analysis, the suggest
algorithm is an example of a method rooted in computer vision theory that can be useful
various other scientific domains.
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