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ABSTRACT: In previous work, we designed space fiducials with the
aim of making camera pose determination as noise-insensitive as
possible. These fiducials turned out to be sets of points that formed
concentric regular polyhedra. Here, we apply an idea of Dementhon
and Davis and test and analyze an iterative linear algorithm in con-
junction with our optimal fiducials to increase the accuracy of the
computed camera pose. We also analyze under what circumstances
this iterative algorithm is guaranteed to converge to the correct solu-
tion. Comprehensive computer simulations illustrate the behavior of
the algorithm and the degree of improvement in pose determination
in case of convergence. © 2009 Wiley Periodicals, Inc. Int J Imaging
Syst Technol, 19, 27-36, 2009; Published online in Wiley InterScience (www.
interscience.wiley.com). DOI 10.1002/ima.20175
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. INTRODUCTION

In Bruckstein et al. (1999), we investigated the problem of deciding
where a given fixed number of points in space should be located so
that the pose of a camera viewing them from unknown locations
can be analyzed with the greatest accuracy. Under the assumption
that image points were obtained by weak perspective projection, we
found that the optimal point configurations formed concentric regu-
lar polyhedra. In the process of drawing this conclusion we used a
straightforward matrix inversion based algorithm to calculate the
camera pose.

In this article we consider an iterative pose recovery algorithm
of Dementhon and Davis (1995) and adapt it to our setting of opti-
mal fiducials to improve pose recovery performance in regions
where the weak perspective projection is a poor approximation to
the true perspective. This happens when the object is near the cam-
era; in particular when the distance from the object to the camera is
less than 20 times the diameter of the object. This iterative algo-
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rithm starts with the weak perspective assumption for pose recovery
and then successively improves the estimates of pose by using the
current estimate of the 3D structure to shift the position of feature
points in the image plane towards what would be their “correct”
weak perspective projection. We note that the algorithm of Demen-
thon and Davis, (1995) was further analyzed and improved by Hor-
aud et al. (1997), incorporating paraperspective approximation in
the iteration process. Also, the Dementhon and Davis algorithm
was modified in a different manner by Chang and Tsai, (2002) in
developing a technique for determining facial pose and expression.

In this article, we first analyze under what circumstances the
algorithm is guaranteed to converge monotonically to the correct
solution, and then present simulation results showing that the itera-
tive pose recovery process works very well, even beyond the mono-
tone convergence region.

Il. FORMULATION

For purposes of fiducial design for efficient pose recovery we
assume that we can designate where we place several feature points
P, = [X; Y; Z]" in the environment. Hence, we assume that the
coordinates of the P; are known in the world coordinate system.
These points may be observed from a camera in any position, and
thus the camera coordinate system is related to the world coordinate
system by an arbitrary rotation R and translation T. A point P} =
(X! Y! Z/1" in the camera system corresponding to P; in the world
system thereby satisfies

P/=RP,+T, (1)
with
rerors 51
R=|ry rs rg and T=|1n
r7rg rog 13

We let p/ = [/ y]]" denote the corresponding image point in the
image plane of the camera. Under true perspective viewing with a
camera having a focal length f, the projection equations are
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and these equations can be rewritten as follows (see Dementhon
and Davis, (1995); Horaud et al., (1997)):

(14 e)x} = J:Xf
3
(1+ep =L,
where
Al
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If #; displaces the configuration of points far away from the camera,
as we assume, ¢; is very small. Setting ¢; to zero, we obtain the
weak perspective projection equations. Denote the image points
obtained by the weak perspective projection as p// = [« y/1". Then
under the weak perspective projection assumptlon, which holds
when the configuration of points is viewed from a sufficiently large
distance, we have
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for some positive constant s (s = f/t3). Alternatively, we can write

"o s A|S 0 0,
J*SP:‘*|:O s 0:|Pi‘ (3)

The weak perspective image points can be expressed directly in
terms of the 3D feature points by combining Eqs. (1)and (3) as
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If we now denote by X the row vector [X; ... Xy], and similarly
forY,Z,x',y,and let 1 = [1 ... 1], a vector of N “1”’s, where N is
the number of known points, then Eq. (4) can be readily augmented
to
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This relation clearly shows that for various rotations and transla-
tions, the N-vectors X, ¥’ all live in a subspace of the N-dimensional
space spanned by the four vectors X, Y, Z, 1. This observation is
the key to the developments of Tomasi and Kanade (1992) and Ull-
man and Basri (1991), which assume weak perspective observation
of a rigid configuration of points in space from different points of
view, or from moving cameras. We shall however concentrate in
the sequel on the problem of recovering a single rotation R and
translation T, when the vectors X, Y, Z are known a priori, from
given, single snapshots of the fiducial providing (x', y').

lll. DETERMINING WEAK PERSPECTIVE IMAGES

In this section, we describe and slightly modify the iterative algo-
rithm of Dementhon and Davis, (1995) that determines where the
image points would be if they actually were obtained under weak
perspective instead of true perspective projection. Had we the actual
weak perspective projections of the points X;, Y;, and Z;, we would
recover the pose as described below (Bruckstein et al. (1999);
Dementhon and Davis (1995)).

The computation based on Eq. (5) is somewhat simplified if we
consider “normalized coordinates,” where each coordinate of the
P; is replaced by its difference with the average value of that coor-
dinate for all the points. For example, we define X,» =
X; — (va:l X,-) /N, and let X be the row vector containing all the
X;. Similarly, we define Y, Z, %", and y”. In the present situation,
because we are going to analyze in detail an optimal fiducial, which
is a regular tetrahedron, we can, in the object coordinate system,
readily choose to have its center at the origin, and its vertices at
(a,a a) (a,—a,—a), (— ~a.d, —a), and (—a,—a a) Therefore, here we
have X = X, Y =Y, X = Z (but not 8 =x,5" =y).

The pose recovery is based on solving Eq. (5). Defining
A=[M N
= n

Ml=[s 0 OJR=[sr; sr s3],
3] =1[0 s OJR=[srs srs sre],

and

From this, the vectors A and y are obtained using the transpose of
the pseudo-inverse of C, namely (CCT) ™! C, as follows:

i’l' _ (CcT)*IC(ﬁ//)T and ?T _ ((:(jT)*l(:(y//)T7
where A and y denote the computed values og A and y Now, we
compute the scale s of the projection as HXH + 17l )/2}1/2 fol-
lowed by Bruckstein et al. (1999) instead of ( HXH +1|71])/2 as in
Dementhon and Davis (1995). The former saves one square root

computation per iteration, and we found that it is more accurate in
some cases.



Because we don’t have the actual weak perspective projections,
we will seek quantities e; that will move the true perspective projec-
tions into the weak perspective projection positions, according to
p7 = (1 + ¢, p/. It is here that the iterative Dementhon and Davis
procedure begins. For these correction variables e;, the initial esti-
mates ¢ are all zero. The iterative algorithm then proceeds into
the following loop. Based on the recovered pose via A and ¥, new
& are computed as [1/(sf)][(A X ) - P;]. This works because the
exact A and y satisfy

é(k X ) =$(s[rl o3 Xs[rg s r6))
:}[}‘7 g I‘g] :%[1‘7 rg rg}.

Let p = (1", ) denote the nth approximation to the weak per-
spective projection of the ith image point, and ¢ the corresponding
relative error, that is, the difference between the true perspective
and weak perspective image point locations. Also let f)f-") =
()25")7 52,(") denote the corresponding normalized coordinates. The
image-point vectors are updated as follows:

e e
T )2(2" >[l +e§”_ )] w]"_ )7&”_ )[l +e(2"_ )]
X A(n—1) (-1 | and |y (n—1) (n-1)
5 1 tey ] ¥y l+ey ]
~(n—1 n—1 A(n—1 n—1
e 5 )

Note that, we use the origin as the reference point instead of one
of the feature points as was done in Dementhon and Davis, (1995).
Next we compute the updated vectors AT = (CCT)"'C[x™]" and
7T = (cC™)~'C[§"", and s is updated as before. Then we refine
the e; estimates based on the updated quantities A, 7y, and s.

Initially, the image point coordinates are rounded to the nearest
pixel. We continue the iteration process until the sum of the abso-
lute differences of the computed image point coordinates in succes-
sive iterations is less than one-tenth of a pixel, and only then round
the final results to the nearest pixel. We found that when we tried
rounding the image points coordinates at each loop in the iteration
as in Dementhon and Davis (1995), on several occasions we
reached an infinite loop, with one of the image point coordinates
oscillating back and forth between two consecutive integers
whereas all the others remained constant.

Typically, the computed vector quantities L and v will not be or-
thogonal and of equal length, especially with noisy data. Conse-
quently, at the end of the iteration process, we adjust A and ¥y to the
closest orthonormal pair A and v. Formally, we solve the minimiza-
tion problem:

Minimize

x_ﬂf+u?—xwzzi:ﬁx—&f+«%—ﬁf]

subject to 71]'9, + 711\71 + 711{/1 =0
MR+ =9+%+%

In Bruckstein et al. (1999), it was shown that the solution to this
minimization is given by
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From this we obtain the scale factor, which is the length of % and A
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Thus, we obtain the first two rows of the rotation R by dividing A
and ¥ by s, and the third row by taking the cross product of the first
two. The translation is then

S S|
Ni:l l Ni:l l

using the last computed values of X" and y”. These expressions are
those on which the numerical results obtained in Section 5 are
obtained.

1
T=-
N

IV. CONVERGENCE OF ITERATIVE METHOD FOR
OPTIMAL FIDUCIALS

In this section, we analyze conditions under which the iterative
algorithm is guaranteed to converge to the correct solution. That is,
we start with a set of points in the image plane that are true perspec-
tive projections of the vertices of a regular tetrahedron, and show
that the points obtained after successive iterations of the loop con-
verge to the positions they would be if they were obtained by weak
perspective projection. We allow arbitrary rotations, unlike in
Dementhon and Davis (1995) where the authors only consider rota-
tions about the optic axis.

Let the vertices of a regular tetrahedron (an optimal fiducial
according to Bruckstein et al. (1999)) in the world coordinate sys-
tem be (a,a,a), (a,—a,—a), (—a,a,—a), and (—a,—a,a), where a is a
positive real number. The rotation and translation are as in Eq. (1),
with 3 = D, where D is the distance from the center of the tetrahe-
dron to the focal point of the camera. The ratios a/D, t,/D, and t,/D
will be the quantities which analyze whether or not the algorithm
will converge.

The image points under true perspective projection are given by
Eq. (1) as

=,
I
2

(I‘] +r+ r3)a+ l1] f[(}’4 + 75 +r6)a+t2])
(r1+rs+ro)a+D ’ (r7+rs+ro)a+D
;o (f[(rl —r—=r)a+n] flira—rs —i'(,)a+t2])
P, = (
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The image points under the weak perspective projection, with
the scale factor s equaling f/D, are given by Eq. (2) as

p = (f[("l +ratr3)a+t] fl(ra+rs+re)a+ fz])
-

D ’ D
" _ Fl(ry —r —r3)a+t] fl(ra —rs —r6)a+ 1)
P = D s D
"_ Fl(=r1 +r—r)a+t] fl(—ra+rs —re)a+ 1]
p4 - D ) D

"_ (f[(*"l —r+r)a+t] fl(—rs —rs+re)a+ tz])
p4 - D ) D

The idea behind the method in Dementhon and Davis, (1995) is to
find quantities ¢; such that p/ = (1 + ¢;) p;. The exact values for the

e; are

(r7+rs+r9)a

ey =
D
o — (r7 —rg —r9)a
D
(—I’7+l’g —I’g)d
3=
D
(—I”7 —rg +r9)a
ep ="
D

There are two main steps in determining the rate of convergence of
the e; to the correct values. First, we will show that after one itera-
tion, the values of the e differ from the correct values by less than a
constant K, whose value is ~0.316, when a < D/4 and a + T <
D/2, where T is the maximum allowed translation in either the x or
y direction. Second, if at the start of an iteration the sum of the
squared errors in the e; differ from the correct values by at most
K2C2", then at the end of the iteration the sum of the squares of the
errors for the new values of the e; differ from the correct values by
at most K>C>"*2, For the above delineated region for the parameter
values, we show that C < 0.9, and hence the geometric convergence
to the true values is ensured.

We will analyze the error ¢, as we proceed through iterations of
the algorithm. The other e¢; behave the same way, with the only dif-
ferences being in the signs of some of the coefficients of the rota-
tion components. After one loop of the algorithm, we find that

e(l) N \/j a numer(11> e(l) \/i a numerél)
| T T =
v/ denom") v/denom" (©)
o _ V2a numergl) R0 V2a numeril)
3T T T e
v/ denom!) v/ denom'")
cosBcosdp —sinBcos+ cos 0O sindsin\
sinfcos¢d  cosBcos\+ sinsin dsin
—sin ¢ cos ¢ sin

and find the maximum value of Eq. (7) when q, f;, and #, are at
extreme values, and 0, ¢, and \J range over all possible angles. For-
tunately, the search space is reduced by making the observations
that Eq. (7) is unchanged when (¢, 5, 0, &, \) is replaced by (¢4, t2,
0.0+ &, =), (1, 12,0, &, T + ), (1, r, © + 0, =, =),
(=t;, —ty, T + 0, &, ), or (=1, —to, © — 6, O, ©/2 — ). This
implies that we only need to search the region 0 < 71,4, < T,0 < 6,
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where

numergl) = [D + (r7 + rs 4 ro)al[(rs + rs + ro)D
+(r+r2+r3)t+ (ra + 15+ 1)1 — d
numer<2l> = [D + (r1 +rs +19)al[(rs —rs — r9)D
+(r1 —ra = r3)ty + (ra — s — r6)ta — d
numergI> =D+ (=r1 +rs —ro)al[(=r7 +rs —ro)D
+(=ri+r =)t + (=14 + 15 —16)tr — d
numeril) = [D+ (=r7; —rg +r9)al[(=r7 — rg +ro)D
+(=ri —ra )t + (—ra —rs +r6)t2 — d

and

denomV = 2D° + 12r5rgr9aD> + BWD* + bPuD?
+ b(z)azDZ + b(l)a3D 4 b(O)aﬁ‘»7

where the coefficients b% are quite complicated polynomials in a
and the components of R and T. These coefficients, along with all
the others in this article, were computed through the use of the sym-
bolic manipulation program Maple.

We wish to show that the sum of the four squared errors in the
& is bounded by some constant. To this end it can be shown that

[e<1) (1’7 +r8+r9)a:| 2+ l:e(1> B (}‘7—I‘x—l‘9)a:|2

1 D > 5
2 2
—rtrg—ro)a —r74r3—ro)a
N
4, 2
:%{ [4D6 + 36777579 aD’ + (214(2) +b(4))D4+ (zu(l) +b<3))aD3

+ 2u® +bHa?D? + bVaPD + b<0)a4}

— 2\/§D[D2 + 6171879 + v(o)} denomV }, (7)

where the coefficients ¥ and v are more complicated polyno-
mials in given a and the components of R and T.

When [denom'”]"? is expanded into a series in descending
powers of D, it becomes \/2D? 4 3+/2r;rgroaD* + O(D), and con-
sequently the terms of order D and D® within the braces in the last
line of Eq. (7) vanish. To get a sharp bound on the magnitude of
this remaining term, we express the rotation in Euler angle form as

sin 0 sin \f 4 cos 0 sin ¢ cos s
—cos 0 sin\ + sinBsin pcos |,
cos ¢ cos s

¢, U < 1 subject to the previous conditions that ¢ < D/4 and a +
T < D/2. By taking partial derivatives with respect to the several
variables, the maximum was found to occur whent; = t, =T, 0 =
= m/4, and ¢ satisfies a large polynomial of degree 12 in {D, a,
T} and degree 14 in {sin ¢, cos ¢}. This equation has to be solved
numerically, and we can construct a table of the maximum values
of Eq. (7) as shown in Table 1.



Table I. Maximum values of Eq. (7)

A T [} max
0.25D 0.25D 0.29023 0.09989
0.25D 0.25D 0.30164 0.06291
0.25D 0.25D 0.31300 0.03528
0.25D 0.25D 0.32395 0.01580
0.25D 0.25D 0.33429 0.00401

The global maximum of the sum of the squared errors subject to
the conditions that @ < D/4 and a + T < D/2 occurs when a = D/4
and T = D/4, and is found to be 0.09989. Therefore, this will be the
value of K2 in the remainder of this section, and K = 0.31605.

We now assume that at the end of the (n + 1)* iterative loop,
the sum of the squared errors of the ¢/""" is less than K>C*".
Then the error in each ¢/""" can be described as &"*PC" where
each of the A"V is less than K in absolute value, and

2
N {kﬁ’””] < K2, so that

1

e(]n+|) _ (”7 +rg + ”9)‘1 + k$)1+l)cn
D
o) — (r7 —rg —ro)a e
(crr =) ®
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6(31+I) _ 7 8 9 + kgn+l)cn
: D
n —r7 —rg +1r9)a n n
e£+l):( 7 =TIy +19) e,
D
Then at the end of the next iteration, we find that
e(n+2) _ 2V2a numerﬁz) e(n+2) _ 2V2a numeréZJ
! 4/ denom® 2 denom® (9)
(n+2) _ 2v2 a numer.’) (n+2) _ 2V2a numerffj
ey = ¢, =
denom® denom®
where
numer(ll) =2B(r;+rg+r9)a

+ C"D(ID + (r7 + rs +19)d] [numer?) +C"D numer§4)]
numer(zl) =2B(r7 —rg —r9)a
+ C"D([D + (r7; — rg — r9)d] [numerg) +C"D numeré‘”]
numergl) =2B(—r; +rs —r9)a
+ C"'D([D + (—r7 + 13 — 19)al [numergn +C'D numerg‘)]

(1)

numer, ' = 2B(—r; —rg +r9)a

+ C"'D(ID + (—r7 — rg +19)al [numerf) +C"D numer‘(f)]
with
B = [D + (I’7 + 713+ I‘g)a][D + (1‘7 —Irg — I’g)a}
X [D+ (=r7 4+ rs —ro)a][D + (—=r7 — rs + 19)d]
numerf.S) = cl("“)D2 + cl(")aD + cE"fl)az
numerl(4> = cEI)D + cl@)a,
and
denom® = 324’B? + 8C"aDB(d"+?'D? 4+ d"*VaD? + d"a*D
+ d(nfl)a:i) + CZrIDZ(d(G)DG + d(S)aD5 4 d(4)a2D4
+d¥a*D? 4+ dPa*D? + dVaD® + d0a),

where the coefficients ¢ and ¢/ are complicated polynomials in

the k; and the components of R and T.

Because we show that the sum of the squared errors in the ¢{" 2

is less than K*C®"*?, we will show that the expression

1 A2 _ (r7 +r13+19)a 2+ A1) _ (r7 —rg —ro)al’
K2(C2n+2 1 D 2 D

2 2
ne2)  (=r74rs—ro)a ) (—rr—rg+ro)a

is less than 1. This expression can be shown to equal
4a®
K2C?2D? denom

1 4C"aDB (W(n+4)D3 w3 gp? 4 Wt 2p 4 W(n+1)a3)

o 1216482

L cnp? (W(2n+8)D6 L@ gpS 2116 2 DA 4, (nt5) 33
L@t Ap2 4 ni3) Sy (nt2) a6)

1 Cnp? (W(3n+8)D5 LB gDt 3016 2 p3 |, (3n45) 3 2
4Bt 4p 4 W(3n+3)a5) + CYp? (W(4n+8)D4 4 wlént?) g p3
4+ w0 22 4 (4nt5) 3 4 W(4n+4)a4)]

- \/E{SaB +C"D <w(”+4)D3 +w3ap? 4wl 2a?p

i W(n+1)a3) L cnp? (h(2n+4)D2 + @3 gp 4 h(2n+2)a2>]

XV denom® + denom® }, (10)

where the coefficients w% and 2% are more complicated polyno-
mials in the k; and the components of R and T.

Note the repetition of the w® as the coefficients of the C" term
in both terms enclosed in brackets in the last line of Eq. (10). When

[denom{?]? is expanded into a series in ascending powers of C, it
becomes  4v/2 aB + (1/v/2)C"D[d"+PD*+-d" VN aD? + d"a?D

+ d"Ya®) + 0(C?"), and consequently the terms of order C° and
C" within the braces in Eq. (10) vanish.

H

2

Figure 1. Pyramidal volume in which our algorithm is guaranteed to
converge monotonically. v/3a is the radius of the circumscribing
sphere of the regular tetrahedral fiducial, D is the distance from the
center of the tetrahedron to the camera plane, and #, and 7, are the
components of the translation of the tetrahedron in the x and y
directions (orthogonal to the optic axis).
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Figure 2. Average (with error bars of length 2c) and maximum errors in the computed direction of the viewing angle as functions of D for the
tetrahedral fiducial: (a—f), with no translation in the x- and y-directions; (g-), with translation in the x- and y-directions randomly chosen from
[-074, 0/4]. (a), (c), and (e) give the final results for the iterative algorithm, and (b), (d), and (f) show the results after a single iteration. In (a) and (b)

¢=0,in(c)and (d) e = 1, and in (e) and (f) ¢ = 2. (g), (i), and (k) give the final results for the iterative algorithm, and (h), (j), and (I) show the results
after a single iteration. In (g) and (h) e = 0, in () and () e = 1, and in (k) and (l) & = 2.

As after the first iteration, we find a bound on the value of
Eq. (10) by converting the rotation components into Euler angle form.
The search space is reduced by making the observations that
Eq. (10) is unchanged when (¢, t,, 0, ¢, ) is replaced by (¢, t,,
T+ 0, — o+ ), (=1, —fh, T+ 0,d, ), or (4, —1t, T/2 +
0,0, ). This implies that we only need to search the region 0 < r4,
t, <T,0<0, d, | <7 subject to the previous conditions that a =
D/4 and T = D/4. The maximum value was found to occur when
a = D/4 and the Izl and ) [kl('Hz)]2 are as large as possible. The
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+1
kD

were then expressed as k{""" = K cos a, k""" = K sin «
cos B, k"D = K sin « sin B cos y, k§"TD =

K sin « sin 3 sin y to
enforce the condition [kf“z)}z = K2, and then the expression

within the braces in the last line of Eq. (10), divided by denom(z),
was maximized over 0, ¢, V, o, B and +y. This expression is
unchanged when («, 3, y) is replaced by (o, — B, © + v). (—a,
n— B, T+ y).or(—a n+ B,y), so we just need to search the
region where 0 < a, 3, v < m. A place where the expression within
the braces in Eq. (10) divided by demon® is maximized is when
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Figure 2.

(ty, t, &, B, 7y, 6, O, ) = (1/4, 1/4, 2.90, 1.46, 1.39, 2.30, 2.30,
1.61) and that maximum value is 0.221. Taking into consideration
the remaining factors 44%(K>C*" 2 D?) of Eq. (10), the maximum
value of Eq. (10) is less than [4(1/4)%/(K*C?) [0.221 < 0.69 < 1].
Therefore at the end of the (n + 2)™ iteration, the sum of the

squared errors of the ¢"*? is less than C* = 0.81 times the sum of

the squared errors of the ¢{" V.

To summarize, we have proved the following:

A. Theorem. For a regular tetrahedral (optimal) fiducial with cir-
cumradius v/3a whose center is at distance D from the camera plane
which may also be translated up to distance 7 in the x and y direc-
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(Continued)

tions (perpendicular to the optic axis), if a < D/4anda + T < D/2,
then the iterative pose estimation algorithm described in this article
converges monotonically to the correct pose.

For fixed a, this region in Dt, t,-space is a pyramid, with vertex
at (4a, 0, 0) and edges whose projections onto the Dt;- and Dt,-
planes are rays with slope 4-1/2. This volume is depicted in Figure 1.

V. NUMERICAL RESULTS

To compare our results fairly with those of Dementhon and Davis
(1995), we use similar (distance to camera)/(object size) ratios. In
Dementhon and Davis (1995), one feature point, called the

Vol. 19, 27-36 (2009) 33
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Figure 3. Average (with error bars of length 2c) and maximum errors in the computed direction of the translation as functions of D for the tetra-
hedral fiducial: (a—f), with no translation in the x- and y-directions; (g-I), with translation in the x- and y-directions randomly chosen from [-0/4
0/4]. (a), (c), and (e) give the final results for the iterative algorithm, and (b), (d), and (f) show the results after a single iteration. In (a) and (b) e = 0
in(c =1, in(e =2.

i i ion. In (a =
in(c)and (d) e = 1, and in (e) and (f) ¢ = 2. In all of these there is no translation in the x- and y-directions. (g), (i), and (k) give the final results for
the iterative algorithm, and (h), (j), and () show the results after a single iteration. In (g) and (h) e = 0, in () and () e = 1, and in (k) and () ¢ =

reference point, was taken to be on the optic axis. In their (rectangu-
lar) tetrahedron fiducial, the size of the object was taken to be the
length of one of the edges. Specifically, the size was equal to the
greatest possible distance from any of the other feature points to
the reference point. Consequently, we use that measure for deter-
mining our object size. For a regular tetrahedron inscribed in the
unit sphere (¢ = 1/+/3), with the center of the sphere being the ref-
erence point, that maximum distance is 1. Thus D is taken to be the

distance from the center of the tetrahedron to the focal point. The

focal length F is taken to be 760 pixels as in Dementhon and Davis
(1995).

In Figures 2 and 3 the errors in the computed viewing angle and
translation are recorded as functions of D, with noise of € = 0, 1
and 2 pixels added, and compared with the results obtained after
just one iteration. In Figure 2, the tetrahedron is only rotated about
its center, with no translation added, whereas in Figure 3, a

34 Vol. 19, 27-36 (2009)
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Figure 3.

translation chosen randomly and uniformly from [—D/4, D/4] is
added to the x- and y-coordinates of each image point.

We now give examples of monotone convergence, and of non-
monotone convergence and divergence when the object is too far
from the optic axis. First, an example where the algorithm con-
verges monotonically near the edge of the region of monotone con-
vergence occurs when a = D/4, t; = t, = D/2, and (0, ¢, ) = (n/4,
0.28, m/4). In this case the sum of the squared errors follows this
sequence as shown in Table II

There is a region where the algorithm converges, but not monot-
onically. For instance, if ¢ = D/4, t; = t, = 3D/4, and (0, ¢, ) =

0.1
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Table II. Position Errors

Iteration

Sum of Squared Errors

O 00 1 O W W=

0.196553
0.012368
0.000616
0.000440
0.000064
0.000036
0.000007
0.000002
0.000001
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Table III. Position Errors

Iteration Sum of Squared Errors
1 0.272823
2 0.027865
3 0.004201
4 0.002723
5 0.002037
6 0.001635
7 0.001179
8 0.000397
9 0.000541

10 0.000179
11 0.000294
12 0.000055
13 0.000131
14 0.000023
15 0.000065
16 0.000009
17 0.000028
18 0.000005
19 0.000013
20 0.000003

Table IV. Position Errors

Iteration Sum of Squared Errors

5 0.014407
10 0.009068
15 0.030425
20 0.023515
25 0.003676
30 0.006113
35 0.014708
40 0.008637
45 0.020369
50 0.033141
55 0.008210
60 0.003401
65 0.012148
70 0.011922
75 0.011623
80 0.034064
85 0.017032
90 0.002752
95 0.008218
100 0.014646
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(n/4, 0.28, m/4), then the sum of the squared errors follows this
sequence as shown in Table I11.

As the Il increase, we reach a region where the algorithm
does not converge at all. For example, it a = D/4, t; = t, = D,
and (0, &, ) = (w/4, 0.28, n/4), then the sum of the squared
errors follows this sequence with no discernible pattern as shown
in Table IV.

Thus, there definitely are limits to the region where the iterative
algorithm pose recovery is useful.

VL. CONCLUSIONS

We have shown that a slightly modified iterative algorithm of
Dementhon and Davis, (1995) significantly improves the pose
determination performance in conjunction with optimal fiducials.
We have analyzed the behavior of the algorithm and showed that
in the absence of noise it converges monotonically to the correct
solution under certain conditions. These conditions are that the
distance of the center of the fiducial, a regular tetrahedron, to the
camera plane is at least 4/+/3 times the radius of the circumscrib-
ing sphere of the tetrahedron, and that the sum of that radius and
the distance of the center of the tetrahedron to the optic axis is less
than half the distance of the center of the tetrahedron to the camera
plane.
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